Chapter 0

Introduction and orientation

All the following material © P.W. Atkins and R.S. Friedman.
Exercises

0.1 Use E=hv, h=6.626 x 10°* I's; v=1/T[T: period]
(a) E=(6.626 x 107 Ts)/(1.0x 1077 5) = 6.626 x 10" J
(b) E=h/(1.0 x 10" 5)=6.626 x 10°J

(c) E=h/(1.0s)=6.626 x 10°*J

0.2 Use Wien’s law: AT = const.; const. = hc/5k [Problem 0.1] = 2.878 mm K [End paper 1

of text]. Hence

T=(2.878 mm K)/(480 x 10" m) ~ 6 x 10° K
0.3 Use the Law of Dulong and Petit (Section 0.2):

molar heat capacity =25 J K" mole ' = specific heat capacity x molar mass

The molar mass is therefore 25 J K~ mole '/0.91 TK ' g' =27 g mol ™

and the metal is Al

0.4 The energy of 1.00 mol of photons is given by
E = (he/2) x 6.02214 x 10* photons/mole

giving (a) 2.3 x 10°J, (b) 1.20 x 10 J, (c) 9.2 x 10%1J.
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05 UseeqnO0.10: 84 =24 sin’ 10

with Ac = 2.426 pm and 0 = 60°. Hence 81 = 1.213 pm and the wavelength of the

scattered radiation is A= 4; + 04 =25.878 pm + 1.213 pm = 27.091 pm.

0.6 2.3 eV corresponds to 2.3 x (1.602 x 107" C) V.=3.7 x 10"’ J. Then use eqn 0.7 in the

form
v={2/me)(hv— D)} 2 50 long as hv> @
(a) hv=hc/A=6.62 x 10"’ T when A =300 nm:
v={[2/(9.10938 x 107" k)] x 2.9 x 107° J)}"?*=8.0x 10° ms™"

(b) hv=3.31x 107" J < ®; hence no electrons are emitted.

Exercise: Examine the case where the ejection speed is so great that it must be treated
relativistically.

0.7 Use eqn 0.11 for the Balmer series wavenumbers:

~ 1 1

with Ry = 1.097 x 10°cm ..

The highest wavenumber corresponds to n = oo and is 2.743 x 10*cm ™', corresponding

to a wavelength of 1/(2.743 x 10*cm™")=3.646 x 10" cm = 364.6 nm.

The lowest wavenumber corresponds to 7 = 3 and is 1.524 x 10*cm', corresponding to

a wavelength of 1/(1.524 x 10*ecm™")=6.563 x 10 ° cm = 656.3 nm.

0.8 The permitted energy levels of the electron in a hydrogen atom are given by eqn 0.13:
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uet 1 2.18x107"%J 13.6eV
E, == 2.2 2 2 =" 2
8h'ey n n n

The two lowest levels are therefore

n=1:E=-218x10"%)J=-13.6eV

n=2FE,=-545x10"J=-340eV

0.9 The de Broglie wavelength is given by eqn 0.14:

 h h 6.626 X 10734s
A T e 1 ke 1000m __ 1hr
»  mv g i -1
57g x 1000g>< 80km hr~?1 x 1 km X 36005
=52 x10"%m
Problems

0.1

thc e—hc/lkT
p=( pE jl_emr [eqn 0.5]

_ (8mhe! X)

ohe/ AT

dp 40mhe /| A° . (8nhc ! A (he ! AkT)e"' ™"

di ehe/ AT (ehc//lkT _1)2
That is, at the maximum

5 (he/ PkT)e"'™  (he) XKkT)

1 ohel KT _ | | — o hel kT

and hence
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he _ 1 _ ahclikT
SAkT

At short wavelengths (hc/AkT >> 1)

he
S5AkT

~ 1, which implies that AT = hc/5k

Exercise: Confirm that the extremum of pis in fact a maximum.

0.4 The Boltzmann distribution is

-pe;
Zi e*ﬂgi

pi= [B= VkT]

Hence
— __l dq — —pe;
&= Y pe =1 3] {q e }

In this case, & — &= (v+ 1)hv, so

o0 _ 1 _L o0
g= ze v _ e thﬁz(e—hvﬂ)v
v=0 v=0

1
—5hvB

NN -

Hence
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hve M7 hv
1 o L1 -
(&)= 2hv+{1_e_hvﬂ}— 2hv+ehvﬁ _1

_ Nd(g) _ Nd(g) df _ N d&e)

Cy S A
dr g dr kT* dp

_ N(hv)y* " NK(6,/T)*e"”
kT2 (ehvﬂ _ 1)2 (ehvﬁ _ 1)2

[6: = hviK]

There are three modes of oscillation for each atom in a solid, so

(eE /T)ZeeE/T

Cvm=3Rf f= (1_eeE/T)2

as in eqn 0.6a.
Exercise: Derive an expression for the heat capacity of a two-level system, and plot it

as a function of temperature.

0.7 For sodium é/T = 0.50; for diamond &/T = 6.20. If we use the Einstein formula (with
6 ~ €b), then

Na(s): /=0.979; hence C, , /R=2.94
C(d): f=0.078; hence C,,,, /R=0.23

The Debye formula can be evaluated by numerical integration but it is also tabulated.
See the American Institute of Physics Handbook, D.E. Gray (ed.), McGraw-Hill (1972),

p-4.113. Then

Na(s): f(6b/T=0.50) = 0.988; hence C, , /R=2.96

C(d): f (/T = 6.20) = 0.249; hence C,,, /R =0.747

Exercise: Evaluate Cy , at 300 K for the Group 1 metals.

Co0 p.5



0.10 Use the experimental data at 195 nm and eqn 0.7 to compute the work function of the

metal surface.
® =hv— Ex = (hc/A) — L mo?

=(6.626 x 107* T §)(3.00 x 10* m s)/(195 x 107" m) —

—31 6 —-15\2
1(9.10938 x 10" kg)(1.23 x 10° m s

=3303x 1077
When light of wavelength 255 nm is used, the kinetic energy of the ejected electron is

Ex = (hc/A) — @
=(6.626 x 1074 T 5)(3.00 x 10* m s")/(255 x 10" m) — 3.303 x 107°J

=4492 %1077

corresponding to a speed of

1/2

V= [Zmi} =993 x10°ms!

Exercise: For the above problem, what is the longest wavelength of light capable of

ejecting electrons from the metal surface?

0.13 Fromeqn 0.11, 1/A = Ry{(1/2%) — (1/n*)}, n=3,4, . ..
Hence, plot 1/ against 1/n%, and find Ry from the intercept at n = oo (since then 1/4,, =

Ry/4). The data extrapolate (linear regression) to

1/4,=2.743 x 10° m™' =2.743 x 10* cm™!
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hence

Ry=4x(2.743 x 10* cm™) = 1.097 x 10° cm™’

The ionization energy (/) is the energy required for the transition n; = 0 < n; = 1;

hence I =hcRy =2.179 x 107"® J. Because 1 eV = 1.602 x 107" J, /=13.6 V.

0.16 The square of the fine structure constant is

- e’ e

16m*hictef 4h*csd

a

from which it follows that (using the mass of the electron for the reduced mass in the

Rydberg constant):
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Atkins & Friedman: Molecular Quantum Mechanics 5e

Chapter 1
The foundations of quantum mechanics

All the following material © P.W. Atkins and R.S. Friedman.

Exercises

1.1 (a) [(f+ g)dx =[ fdx + | gdx; linear.
(b) (F+ )" = + g2 nonlinear.
(€) f(x+a)+gx+a)=f(x+a)+g(x+a); lincar.
(d) f(=x) + g(=x) =f (=x) + g(-x); linear.
Exercise: Repeat the exercise for (a) differentiation, (b) exponentiation.
1.2 (a) (d/dx)e™ = ae™; €™ is an eigenfunction, eigenvalue a.
(d/dx)e™ = 2axe™ = 2a{xe™}; ™ not an e.f.
(d/dx)x =1; x not an e.f.
(d/dx)x* = 2x; x* not an e.f.
(d/dx)(ax + b) = a; ax + b not an e.f.
(d/dx)sin x = cos x; sin x not an e.f.
(b) (d¥/dx?)e™ = a’e™; e is an eigenfunction, eigenvalue a*.
(d¥/dx®)e™ = 2ae™ + 4a*x*e™; ™ not an e.f.
(dz/dxz)x =0=0x;xisane.f;e.v.1is 0.
(d¥/dx*)x* =2; x* not an e.f.
(d¥/dx})(ax + b) =0 = O(ax + b); ax + b is an e.f; e.v. is 0.

2 PN . . . .
(d°/dx")sin x = —sin x; sin x is an e.f.; e.v. is —1.
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Atkins & Friedman: Molecular Quantum Mechanics 5e

Exercise: Find the operator of which e™ is an eigenfunction. Find the eigenfunction of

the operator ‘multiplication by x*’.

1.3

(m|4 + 1B|n) = (m|A|n) + i(m|B|n)
= (n|d|m)* + i{n|B|m)* [4, B hermitian, eqn 1.26]

= {(nld|m) = i(n|Blm)} * = (n|ld — iB|m)*.

Hence, A — iB is the hermitian conjugate of 4 + iB (and A4 + iB is not self-conjugate,
another term for hermitian).

Exercise: Confirm that x + (d/dx) and x — (d/dx) are hermitian conjugates.

1.4 If the maximum uncertainty in the position x of the electron is Ax, the minimum

uncertainty in the momentum p, will be given by AxAp, = %h. Since the electron is

confined to the linear box, Ax = 0.10 nm. Therefore

h

Apy = -
P A

~1.055x107* Js
2x0.10x107° m

=53x10"kgms™'

(a) Since p, = m.v, the uncertainty in the velocity is

Av=Ap./m.
=(53x 10" kgms )/(9.109 38 x 107" kg)

=58x10°ms”!
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Atkins & Friedman: Molecular Quantum Mechanics 5e

(b) Since, Ex = p)%/Zme

AEx = (Ap)*12me
=(53x 10" kgms (2 x9.109 38 x 107! kg)

=15x107"7

Exercise: If the length of the box is doubled to 0.20 nm, what are the minimum
uncertainties? If a proton is confined to a linear box of length 0.20 nm, what are the

minimum uncertainties?

1.5

Use the integral
6

J.xz sin axdx = 1x° + (1/4a3){% sin(2ax) — ax cos(2ax) — a’x” sin(2ax)}

(= (IL) [ 3 sin® (e /L)dx = L 1P {1 - 3/ 20°7%))

= L107{1- (387}

Since the particle is equally likely to be found in the right-hand side of the box
(between L/2 and L) and in the left-hand side of the box (between 0 and L/2), the

average value < x> = L/2 for all values of n. Therefore,

Axn: {<x2>n_ <x>i}1/2 — {%Lz_(l/znzTCZ)Lz_ %LZ}I/Z

= (L/23){1=(6/n*n*)}"?

Ax, = (L/243){1-(3/2n%)}"?

As for the momentum, the intuitive solution is {(p), = 0 because the wavefunction is a

standing wave. The elegant solution is
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Atkins & Friedman: Molecular Quantum Mechanics 5e

(p) = (n|p|n) = (n|p|ny* [hermiticity] = (n|p*|n) = ~(n|p|n)[p* = —p].

Therefore since (p) = —(p), (p) = 0.

The straightforward solution is:

(PYn = (Wi)2/L) j: sin(nmx / L)(d / dx) sin(nme / L)dx

= (2h/AL)(nT/L) IOL sin(nmx/ L)cos(nnx/ L)dx =0

Also, note that

(p*)n = 2mE, = n*h*/AL*

Thus, Api= PP — (p)a}"? =(p*),* = nhi2L
Therefore:

A Ap, = (LI2~3){1 = (6/n*n?)y *(nh/2L)

= (/43 {1 = (6/* 1)} Ph = (nm /31— (6/n>m* ) > (1] 2)

AoAps = 2 r/N3) {1 = (327 A(1/2) = 3.3406(h/2) > h/2

as required. As n increases, the uncertainty product Ax,Ap, increases.
Exercise: Repeat the calculation for the mixed state y; cos S+ ys sin f.
What value of f minimizes the uncertainty product?
1.6 To use the Born interpretation to find the probability, we need to first normalize the

wavefunction, y(x) = Ne . Normalization requires that
® ok (P A2 -4xq.
-[o w ¥y dx _.[0 Ne "dx =1

which yields N = 2. The probability of finding the particle at a distance x > 1 is given by

Col p.4



Atkins & Friedman: Molecular Quantum Mechanics 5e

1.7

1.8

1.9

Probability = le(Ze_zx)zdx

-4
=€

Exercise: Suppose that the particle is now described by the unnormalized wavefunction

w(x) = e . Between 0 and what other distance is the probability of finding the particle

equal to 1 ?

Use eqn 1.44. Since . = (4/i)(0/04), V(#) = V, a constant, and H = (1/2mr?) 122 + 7
[H, L] = (12m )12, L] + [V, L] = 0 {[V, I.] o« dVIdg= 0},

Hence, (d/df){l.)=0

Exercise: Find the equation of motion for the expectation value of /, for a particle on a
vertical ring in a uniform gravitational field. Examine the equations for small
displacements from the lowest point.

The most probable location is given by the value of x corresponding to the maximum

(or maxima) of | Mz; write this location x.. In the present case

| ‘//12 — N2x2 efxz/l"2

(d/dx)| = N {2xe™™ = 2(3/THe ™™ = 0 at x = x.

Hence, 1 — x2/T*=0, s0 x, =+

Exercise: Evaluate N for the wavefunction. Consider then another excited state wave-

function {2(x/T")* — 1}e™"*"*, and locate x..
Base the answer on |y4* = (b*/n)e >”". The probability densities are
(a) [W0)f = b’/ = 1/(53 pm)’m =2.1 x 10°° pm>

(b) |y(r=1/b, 6, p* = (b’/m)e > =2.9 x 10" pm ™
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Atkins & Friedman: Molecular Quantum Mechanics 5e

[The values of #and ¢ do not matter because i is spherically symmetrical.] The

probabilities are given by
P - J‘VOll.lIl’lCll/zc{Z- ~ | l// |2 5V

because |y’ is virtually constant over the small volume of integration 6V = 1 pm’.
Hence:
() P=[p(0) oV =2.1x10";

(b) P=|y(1/b, 6, )|V =29 x 10"

Problems
11 (a)
(pxy oc {sin(mx/L) ‘% sin(mx/L))
oc (sin(mx/L)|cos(mx/L)) = 0
(b)

(p2y=2m(T)=2mE [V=0] [seeeqn 2.30]

2
:2m[ L 2] [for n = 1] = h*/AL*
8mL

Alternatively, integrate explicitly.
Exercise: Evaluate (2) ( p2 ), (b) ( p).
14 (a) [4,B]=AB—BA=—(BA—-AB)=—[B, 4]

(b) [Am, An] :AmA}’l _AnAm :AWH-}’I _Am+n — 0
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Atkins & Friedman: Molecular Quantum Mechanics 5e

(©)

[4%, B] = AAB — BAA = ABA + (AAB — ABA) — ABA + (ABA — BAA)

= A[A, B] + [4, B]A

(d)

[4, [B, C]] + [B, [C, A]] + [C, [4, B]]
=(ABC — ACB — BCA + CBA) + (BCA — BAC — CAB + ACB)

+(CAB — CBA — ABC + BAC) =0

Exercise: Express [4%, B*], [4°, B], and [4, [B, [C, [D, E]]]] in terms of individual

commutators.

1.7 Find a normalization constant N such that eqn 1.18 is satisfied.

2 AR (2T T . ® 9 dbr
flwPdr =N [Tdg[ sinodo| e dr
= N*{2n} {2} j:rze-z’”dr = 47N> {2!/(2b)*}
= N*n/b’.

Hence N = (193/75)1/2 =1.5x10° m?>?

Consequently, y= (b*/m)"%e ™"

Exercise: w depends on Z as ¢ “". Find N for general Z.

1.10 (a) [1/x, py]; use the position representation.
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Atkins & Friedman: Molecular Quantum Mechanics 5e

[1/x, pd =[x, (W/i)d/dx] = (A/) {x ' (d/d) — (d/dw)x "}
= (h/i) {x"(d/dx) — (dx"/dx) — x~'(d/dx)}
= —(h/)(dx"/dx) = (/x>
(b)
[1x, p2]=[x", —A*(d*/dx*)]

= 1 {x (d¥/dx?) — (d¥/dxP)x "

= —1* {x (d*/dx?) — (d/dx)[(dx"/dx) + x ' (d/dx)]}

= 1 {x N(d¥/dx?) — (d/dx)[—x 2 + x (d/dx)]}

= 1 {x (d¥/dx?) + (dx*/dx) + x2(d/dx)

—(dx/dx)(d/dx) — x7'(d¥/dx?)}
= 1 {-2x7 + 2x72(d/dx)}

= 21°/x° — 21X (i/h)pe = 20/ x*)(h —ixp.)

(©)

[xpy — YD, YP- — ZDy]
= [xpy, yp:1 — [xpy» 2Dy] — P, Y0:2] + [P, 2Dy
= x[pya yIp:—0 -0+ piy, py]Z

= x(=ih)p: + p(ih)z = in(zp, —xp.)

(d)

Col p.8



Atkins & Friedman: Molecular Quantum Mechanics 5e

[x*(8°/0y*), y(8/0x)]
= X*(8°10y*)(0/0x) — y(0/0x)x* (D0
= xX(8/ox) (v )y — (8/ox)x* (D 0y7)
= xX(3/ox)(0/dy) {1+ W(8/0y)} — {2x + xX(8/ox) }(6%/6)*)
= XX(0/6x) {2(8/dy) + W80V} — 2x(8°18y%) — X2 (Dlox)(6°16y7)
= 2x%(8/6x)(0/0y) — 2x(&*10y")

= 2x%(8%/0x0y) — 22D 16v7)

Exercise: Evaluate [x)(6%/0xdy), x(8%/0y°)].
1.13 Use the correspondence in Section 1.5.

(@)

T = p*/2m = —(h*/2m)(d*/dx?) in one dimension.

T =p*2m = —(B*2m){(&*/ox") + (8*1dy%) + (6°/6°)}

= —( #2m !Vz in three dimensions.

(b) 1/x — multiplication by (1/x)

() u= ZQ,. r, — multiplication by ZQl.rl.

(d)

L. = xp, — ypx = (/i) {x(0/0y) — ¥(0/0x)}

= (h/1)(0/0¢) for x =r cos ¢, y =r sin ¢

(e) &*=x*—(x)* > multiplication by {x* — (x)*}
» =p’ - (p) > (-7 (@/ox’) - ()}

Exercise: Devise operators for 1/, xp,, and .
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Atkins & Friedman: Molecular Quantum Mechanics 5e

1.16 Take HW= x(6°¥/of%). Because H has the dimensions of energy, x must have the
dimensions of energy x time’, or ML”. Try ¥ = w#, with H an operator on x, not . The
equation separates into Hy = Ey, d?@/d¢* = (E/x)6. The latter admits solutions of the

form @ o cos(E/x)"?t. Then
[19/ dre [ly [ decos™(E/x)"t

which oscillates in time between 0 and 1; hence the total probability is not conserved.

1.19 (@)

el =(1+4+14+. )A+B+1B+..)
=1+A+B)+ 1A +24B+ B +. ..

=1+ A+B)+ LA+BY +. ..
=1+(A+B)+ LA +AB+BA+B)+...

Therefore, ¢'e® = % only if AB = BA, which is so if [4, B] = 0.

(b) If [4, [4, B]] = [B, [4, B]] =0, then

Col p. 10



Atkins & Friedman: Molecular Quantum Mechanics 5e

e =1+U+B)+ 1L +4B+B4A+B)
+(1/31)(A° + A*B + ABA + BAA + BBA + BAB + ABB + B*) + . ..
=1+(+B)+ 1> +24B+B%) - 1[4, B]
+(1/31)(4° +34°B+34B° + B') - L (4 + B)[4, B] +. ..
_ eAeBe_%[A’B]

Therefore, ¢'e® = ¢"%¢/ where =14, B]/2.

Exercise: Find expressions for cos 4 cos B and cos A4 sin B, where A and B are

operators such that
[4, [4, B]] = [B, [4, B]] = 0

(Use cos 4 = L (e +e™), etc.)

1.22 (d/de)(Q) = (i/ A)Y([H, Q) [eqn 1.44].

For a harmonic oscillator, H = pf 2m + %kf x*, and

[H,x]=[p}/2m,x] =G h /m)p,  [Problem 1.11]
[H, p] =1 kex?, pd =il kex [Problem 1.11]

(d/dn)(x) = (I m)(p,) 5 (d/dD)px) = —kp x)

Therefore
(d*/df)x) = (1/m)(d/dt)(p.) = —( kelm)(x)

The solution of (d*/df)(x) = —( ke/m)(x) is
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(x) =A cos @t + B sin ok, @ = ke /m

(p) = m(d/de)(x) = —Amo sin wt + Bmo cos wt

which is the classical trajectory.
Exercise: Find the equation of motion of the expectation values of x and p for a quartic

oscillator (V o x*).

1.25 (=1 *2m)(d*P/dx%) + V()Y =1 h (5W/01).

(a) Try ¥ = m(x)A1), then

(~h2myy "0+ VeyyO=ih w dadt

—(R*2m)(w " w) + V() — ik (d@ldr) (1/6) =0
By the same argument as that in Section 1.14, (-4 2/2171)(1//"/ y) = & a constant; hence
w"=-Qme h)y (1.1)
14 (d@dr) (1/6) — V(t) = &, the same constant; hence
(d/df)In =+ V(t)/i h (1.2)

(b) Equation (1) has the solution w=Ae™ + Be™™, k= 2me/ %)
Equation (2) has the solution In 8 (¢) =1n 8(0) — (i/ /) | f) {e+ (0} dt

Therefore, on absorbing In £ (0) into 4 and B,

¥ = y(x) exp % i(e /M)t —(i/h) jO‘V(t)dz}
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Let ¥(¢) = V cos a, then | f) V(6)dt = (V/ ) sin ax, so

W = y(x)exp{—i(gh)t — i(V/ h ) sin ot}

The behaviour of the real and imaginary parts of ¥ (essentially the functions cos(7

= yY(x)(cos ¢—1isin @), p= &t/h + (V/ h @) sin at.

+ sin 7) and sin( 7 + sin 7)) is shown in Fig. 1.1. The dotted line is cos(7 + sin 7) and

the full line is sin( 7 + sin 7).

0.5

SIN(T + Sin T) ~

0 \__
COS(T + SN T)~
—0.5
=)
0 15 20

Figure 1.1: The real (dotted line) and imaginary (full line) components of V.

(c) Note that [¥* = | p(x)|*, and so it is stationary.
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Exercise: Consider the form of W for an exponentially switched cosine potential

energy, V() =V (1 - e_’/T) cos at, for various switching rates.

1.28 Fromeqn 1.44,

d{x) i

wra E([H.x])

The commutator has been evaluated in Problem 1.11(b):

h
H =—
([H,2]) = —p
and therefore
d(x) _ (px)
de m

which is eqn 1.47.
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Chapter 2

Linear motion and the harmonic
oscillator

All the following material © P.W. Atkins and R.S. Friedman.

Exercises

2.1 For the energy in (a) use E = eV.
(a) k=(2meev/h})"? =(5.123 x 10° m ") x (V/Volt)".
() V=10V;k=5123x10°m "' =5.123 nm™';

wx) = A exp{5.123 i(x/nm)}, A = 1/L"?, L — .

i) v=10kV; k=5.123 x 10" m' = 0.5123 pm™";
p

wx) =4 expi0.5123 i(x/pm)}

b) Because p = (1.0 g) x (10 ms ) =1.0x 102 kgms ',
( p g g

k=p/hleqn 2.7] = 9.48 x 10> m™'; hence

wx) = A exp{9.48i x 10*! (x/m)}

Exercise: What value of V is needed to accelerate an electron so that its wavelength is
equal to its Compton wavelength?
2.2 In each case |y(x) 2= 4* aconstant (4° = 1/L; L — o)

2.3 Substituting eqn 2.5 for y in eqn 2.4 yields:

h? d2 . . h?k? . .
_%E(Aelkx-l‘ Be—lkx) — - (Aelkx-l- Be—lkx)

confirming that the wavefunction is an eigenfunction with eigenvalue 4*%*/2m. The
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relation between & and E given in eqn 2.5 then follows. Similar substitution of eqn 2.6 for

w in eqn 2.4 yields:
hz dz 21,2
oIt (Ccoskx + Dsinkx) = o (Ccoskx + Dsinkx)

and the wavefunction is seen to satisfy eqn 2.4.

2.4 The flux density for the wavefunction A4 sinkx is, using eqn 2.11,

. 1 (hk . hk
J (Asinkx) = v (TA*smkxAcoskx + —_AsmkxA*coskx) =0

2.5  Use the expression as given in the brief illustration in Section 2.7 for the penetration
depth 1/x:

1 h

x {am(y - E)}”

1.055x107*Js
{2x9.109x 10 kg x (2.0 eV — £)x1.602x 10 J/eV |'*
=4.0x10""m

Solving for the kinetic energy yields £=1.76 eV.

2.6 The transmission probability is given in eqn 2.26. Using the Worksheet entitled Equation
2.26 on the text’s website and setting
m = m (so that m/m=1)
E =Vy=2.0eV (so that E/Ey, = Vi/Ey = 0.073499)
£=1.0x10"m™" (so that B/(1/ag) = 0.529177)
yields T =6.361 x 10"

2.7 wi=(2/L)"” sin(4mx/L) = 0 when x = 0,4L,1L,2L,L, of which the central three are

nodes.
Exercise: Repeat the question for n = 6.

2.8 To show that the n = 1 and »n = 2 wavefunctions for a particle in a box are
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orthogonal, we must evaluate the integral

L

f 2 (T[x) 2 (21Tx)d —0
LSlIl I LSlIl I X =

0]

The integral can be evaluated using mathematical software or standard integration tables
and does indeed vanish.
2.9 The wavefunction for a particle in a geometrically square two-dimensional box of length

L is given by (see eqn 2.35)

2 . (mmx) . (n,my
X,y)=—sin sin
Vo, (5:7)= 7 ( 7 j ( 7

(a) Nodes correspond to points where the wavefunction passes through zero. For (i)

ny =2, np = 1, this occurs at points (x,y) such that x = L/2. For (ii)) ny =3, n, =2,
this occurs at points (x,)) such that x = L/3 or 2L/3 and at points (x,y) such that y
=L/2.

(b) Maxima in the probability densities occur where y* is maximized. For (i) n; =2,

ny = 1, this occurs at points (x,y) such that x = L/4 or 3L/4 and y = L/2. For (ii) n,

= 3, np = 2, this occurs at points (x,y) such that x = L/6, L/2 or 5L/6 and y = L/4 or
3L/4.

2.10 The energy of a particle in a three-dimensional cubic box is given by:

W (nl n: nl
gy ZQ{L_Z+L_22+L_32 n, =1,2,... n, =1,2,... ny =1,2,...

The lowest energy level corresponds to (n; = n2 = n3 = 1) and equals 34%/8mL?*. Three

times this energy, that is 94%/8mL?, can be achieved with the following sets of
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2.11

2.12

AE =

quantum numbers:

(l’l1:2,l’l2:2,l’l3=l)
(n1=2,n2=1,n3=2)
(n1=1,n2=2,n3=2)

Therefore the degeneracy of the energy level is 3.

The harmonic oscillator wavefunction is given in eqn 2.41. Nodes correspond to those
points x such that the Hermite polynomial H,(ax) vanishes. Using Table 2.1, we seek

values of z = ax such that 4z> — 2 = 0. This equation is satisfied by

and therefore x = a/N2 and x = —a/\2.
The energy levels of the harmonic oscillator are given by 2.40. The separation

between neighboring vibrational energy levels v and v +1 is given by

275 Nm™1
1.33 x 10~ Z5kg

k
hw = h Ef = 1.055 x 10~3%Js x = 4.797 x 10721]

Equating this with the photon energy /c//. yields a wavelength of 4.14 x 10° m and a

corresponding wavenumber of 1/(4.14 x 10 cm) =241 cm "

Problems

2.1 See Fig. 2.1.
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Wa\eﬁmctton

(a) Potential energy

/\M/\ M/\/\/‘*\m
i 1

M -
v v

Figure 2.1: The wavefunction in the presence of various potentials.

Exercise: Sketch the general form of the wavefunction for a potential with two

parabolic wells separated and surrounded by regions of constant potential.

2.4 From eqns 2.12 and 2.13,
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W(x, 1) = [ ()W, (v.0)dk = AB[ " explike — ik*ht/ 2m}dk
W(x, 0) = 4B [ exp ikr}dk
(v, 0) =AB[ " expliky}
_ (4Blix) {ei(k+;Ak)x _ei(k—;Ak)x}
— (4Be*ix) {eim’“ - e‘im} = 24B(e™ sinL Akx)/x
P(x, 0)° = 44°B {sin( L Akx)/x}’

For normalization (to unity), write AB = N; then

[lwpdr =an? fw{sm(gmoc)/x}zdx = 2N?Ak Ijow(sinz/z)zdz [z =1 Akx]
= 2N’Akn = 1; hence N = (2Akm) 2
Therefore, ¥(x,0) = (2/Akm)"* (" sin L Akx)/x
[P(x, 0)° = (2/Akm)(sin L Akx/x)’
(0, 0)* = (2/Akm) lim (sin L Aexlx)® = (2/Akm)(L Akx/x)?
= (2/Akm)(AK/2)* = Ak/(2T)

We seek the value of x for which [¥(x, 0)]*/|¥(0, 0)f = 1; that is

{sinAAk)/x}> |
(Ak?

or
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sin%Akx_ 1

LAk 2

which is satisfied by %Akx =11.392 [solve numerically]. Hence the probability density

falls to one half its value at x = 0 when x = £2.784/Ak. From the uncertainty principle
ApAx > %h, so AkAx > %, and hence Ax > 0.5/Ak which is in accord with Ax = 2 x

2.784/Ak.

Exercise: Examine the properties of a Gaussian wavepacket in the same way.

2.7 Consider the zones set out in Fig. 2.5; impose the condition of continuity of yand ' at

each interface.

I Il I
© yy

A 4

0 L X

Fig 2.5 The zones of potential energy used in Problem 2.7.

v, =Ade™ +Be ™, k* =2mE/h’ o
wy =Ae* +Be™ k' =2m(E-V)/h’ 4

win = A"e™ [no particles incident from right]
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(1) A+ B=A4"+ 5, [from y4(0) = wi(0)]
2) At 4 Bt = gttt [from yii(L) = win(L)]
(3) kA-kB=kKA' -Kk'B, [from y{(0) =y (0)]
(4) kA" — kB'e ¥ = kq"e™ [from (L) = wi;(L)]
From (1) and (3):

A=10+pa+1Q-pBB=10-pa+L11+pB

From (2) and (4)
A" =4 ei(k’—k)L + B e—i(k’+k)L
7 A" = A ei(k’—k)L _B e—i(k’+k)L
SO
LA+ par =4 L1 - par=pre @O
Then

A"l {(1+ }/)2 o kL _ (1- 7/)2 eik’L} — 4y 4
A"A=2ye ™/ {2ycos KL —i(1 + y?)sin k'L}
The transmission coefficient (or tunnelling probability) is

P=|4"P/\A]* = |4"/4F

=4y /{4y* + (1 — y*Y’sin® KLY, y* = EE - V)

Exercise: Find the transmission coefficient for a particle incident on a rectangular dip

in the potential energy.
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2.10 Use the normalized wavefunctions in eqn 2.31:

Wy = (/L)' sin(nmx/L); also use

Isinz axdx = §x — (1/4a) sin 2ax

L 1
@ P,= IéL widx=(2/L) If)L sin’(nmx/L)dx = 1 for all

(b) P, = I8 y2dv = 2/L) [ sind(nmx/Lydx = 11— (2/ an)sin(L nm)}

Py =1 {1 - (2/m)} =0.090 85

(©

Po= [ y2de=2/ D[ sin® (nr / Lydx

1 1
EL—é'x EL—é'x

= (2/L){x — (L2mn)cos(nm)sin(2nmdx/L)}

= (2/L){éx — (=1)"(L/2mn)sin(2nmdx/L)}

Py =(2/L){ox + (L2m)sin(2rox/L)} = 4ox/L when ox/L << 1

Note that

lim P, = (a) $, (b) %, (c) 26¥/L

the last corresponding to a uniform distribution (the classical limit).
Exercise: Find P, (and P;) for the particle being in a short region of length dx centred

on the general point x.
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2.13 Use the wavefunction y;, = (2/L)1/ ? sin(nmx/L) and the integral

Ixsinz axdx = (1/4a”){a’x" - ax sin(2ax) — 1 cos(2ax)}

L 5 L .2
() = jo xy/ndx=(2/L)jo xsin®(nmx / L)dx

= (LI2n*7*) {n*1* — nm sin(2nm) — 1[cos(2nm) — 1]} = 1L

The result is also obvious, by symmetry.
Exercise: Evaluate {(x) when the particle is in the normalized mixed state y; cos £+

y, sin f. Account for its dependence on the parameter f.
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2.16 Refer to Fig. 2.8. Consider the case £ < V.

I II I

Figure 2.8: The zones of potential energy used in Problem 2.16.

wi=Ae ™ + Be™, K =2m(V - E)/h*
Wi = Ae® + B’e_”‘x, K = 2mE/n*
yin=A"e ™ + B"e", K =2m(V - E)/h*

Because y < « everywhere, 4 = 0, B” = 0 [consider x — —oo and x — oo respectively].

At the interfaces of the zones:
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5e

vi (0/yi(0)=-xA-B)(A+B)=k [4=0]
i (0)/yu(0) = ik(4' - B')(4' + B')
wi (D) yi(L) = ik(A'e™ — B'e™)/(4'e™ + B'e ™)
wi (L)Y yin(L) = —x(4"e”" — B"e*)/(4"e¢ ™ + B"e™) = —k

Because y//is continuous at each boundary,

(A" = BY(A' + B') = ik = ~itk=—iy [y=w/k]

A'e™ — B'e ™ )4’ + B'e ) = — ik = itk = iy
This pair of equations solves to
(1+ipd' =1 -ipB, (1-ipd'e™ =1 +ipBe™
It follows that

(1 — ) sin kL — 2y cos kL = 0, or tan kL = 2y/(1 — %)

Then, since
tan kL = 2 tan(§ kL)/[1 — tanz(% kL)], tan($kL)=y
Consequently,
cos(S kL) = 1/(1 + /) = nki(2m)'?
Therefore,

kL =2 arccos{hk/CmV)"*} +nn, n=0,1,. ..

But arccos z = %n — arcsin z, SO

co2 p. 12
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kL + 2 arcsin{ hk/CmV)"*} =nn, n=1,2,...
Solve this equation for & by plotting y = kL and
y=nn -2 arcsin( R’ K*2mV)"? forn=1,2,. ..

and finding the values of k at which the two lines coincide, and then form E, = h*k*/2m
for each value of n. This procedure is illustrated in Fig. 2.9 for the special case V' =
225R%/2ml>, so, with kL = z, y=zandy=nn -2 arcsin z/15, E, = Zf (h2/2mL2) with z,
the intersection value of n. (Because E < V, z < 15.) We findz=2.9, 5.9, 8.8, 11.7 for n
= 1,2, 3, 4; hence E/(h*/2mL*) = 8.4, 35,77, 137 forn=1, 2, 3, 4.

12

When V is large in the sense 2mV >> h’k*, arcsin(h*k*/2mV)"* ~ 0. Hence the equation

to solve is kL = nm. Consequently £, = n*h*/8mL? in accord with the infinitely deep

square-well solutions.
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14
12—
]
Hhh_h""“"‘-——.._______“
\
10
N RK“"——-—-
= - T
Ea—
‘\\
6 ]
4 T~
]
2 _—-.-""‘"—-
]
\
\
0

0 2 4 6 8 10 12 14

Figure 2.9: The determination of allowed energies.

Exercise: First consider the special case V' = 6h%/2mL*, and find the allowed solutions.

Then repeat the calculation for an unsymmetrical well in which the potential energy

rises to V on the left and to 4/ on the right.

W (n? n? W n?
1 2 2

where A = L/L,. Therefore, if 1 is an integer, the states (n;, 1) and (An,, ni/4) are

degenerate.

(b) The states related by the relation in (a) are doubly degenerate.
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2.22 The Schrodinger equation is
—(B’2m)(d* pldx®) + Lk y=Ey

172

Substitute y = (me/h)"*x with & = k¢ /m; then ' — y*y=—Ay, with A =E/L hewand

‘/// — d2 !///dyz

—2/2.,

Substitute eqn 2.41: = N,H,e

(X (He??) - P He " = —AH, e >

Use
(/) He*?) = (H) -2y H| - H, +y’H,)e>"
=y H! -2vH,-2yH! — H,+y*H,)e>"* [given]
= (’H,— (2v+ D)H,}e”*"?
Then

OPH, — (2v +D)H, - VH e = —AH e

soA=2v+1,0rE= 3 Q2v+)ho=(v+ §)ho, as required.

2.25 (a)
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A [ .2
@+ 1) = NeaNoa > [ Ho yH, (e dy - [y = ax]
= @ "Nealo | H {5 H oy +vH, e dy  [Table 2.1]

=3 NNy fw Hle™ 2dy [orthogonality]

= LNy N 227 (v + 1)
a2 2" (v+1)! 1

= = v+1)"?
2 a2 2" v+ DY 2a @+D

(b)
(v +2|x2|v> =N,oN,a> J.jo Hv+2y2Hve_y2dy
_ 0 )
= 3NV+2NV_|.7va+2y{%Hv+1 + Vval}e 7 dy
= a*3NV+2NVEOwHV+2{iHV+2 +3vH, +TvH, + vsz_z}e_yzdy
_ 1,73 C o2 :
= 7 NN, J: H; ,e™" dy [orthogonality]

= 107N, oNom?2"%(v +2)! [Table 2.1]

3 a_37'£1/22V+2(v+2)!
4427722 (v+2)la 2m?

=la?{(v+2)(v+ 1)}

Exercise: Evaluate (v +3 |x3|v> in the same way.

2.28 According to classical mechanics, the turning point x;, occurs when all the energy of the

oscillator is potential energy and its kinetic energy is zero. This equality occurs when

E_l

-1 2E)1/2

2 —
kexép, or X = (k—f
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Since we are only considering the stretching of the harmonic oscillator beyond the
classical turning point, we only choose the positive square root for x;,. The probability
P of finding the ground-state harmonic oscillator stretched beyond a displacement x;,
is given by:
P= f Y2 dx
Xtp

Using eqn 2.41 and the Hermite polynomial Hin Table 2.1, we obtain:

o)

P=—v [e@g
=7z | e X

Xtp
The turning point can be expressed in terms of «, using (i) the definition of o in eqn
2.41 and (ii) the ground-state energy E = Yliw = Yhi(kgm)"?. This results in Xp = 1/a.
Now introduce the variable y = ax so that dy = adx, y* = o’x* and Yip=oxyp = 1. The

above integral then becomes, in terms of the variable y:

The above integral is related to the error function given in the Problem, and using the

value of erf 1 given:

P=—5 [l e dy=-(1—erf1) = (1 -08427)

ml/2

The probability is 7.865 x 1072,

2.31 The wavefunction y(x) is given as a sum of normalized particle-in-a-box eigenfunctions
uiu(x). Therefore, according to quantum mechanical postulate 3’, a single measurement

of the energy yields a single outcome which is one of the eigenvalues £, (associated
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with the eigenfunction i, appearing in the expansion of ). The probability of
obtaining £, is |c,,|2 where ¢, is the coefficient of 1, in the expansion.
(a) When the energy of the particle is measured, possible outcomes are

n? 9h* 25h°
E, = > E3= 2 57 2
8mL 8mL 8mL

(b) The probability of obtaining each result is

lei = (173" =1/9 for E,
les* = (i/3)F=1/9  for E3

lesP = [(7/9)*P=7/9  for Es
(c) The expectation value is the weighted sum of the possible eigenvalues:

185h°

E,+1E =—0
39T i

1p 1
g B+

Exercise: If the linear momentum of the particle described above were measured, what

would we expect to find?
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Chapter 3
Rotational motion and the hydrogen atom

All the following material © P.W. Atkins and R.S. Friedman.

Exercises

3.1

E= m} (1*/2]) [eqn 3.6]; I=myuR>
E= m} (A 2muR%)

mu=1.674x 102 kg, R=160pm; h*/2muR*=1.30x10%]
Hence,

E= (1.30x107%* Dm;}

3.2 Using the energy levels from Exercise 3.1, we obtain

AE=(1.30x 102 )(1-0)=1.30x 1077

A =hc/AE=1.53 x 107 m = 1.53 mm
This wavelength corresponds to microwave radiation.

Exercise: Calculate the effect of deuteration on E and A(1 < 0).

33 x=rcos¢g, y=rsing, r=@+yH"
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3.4

9
8y Vox
8r 6
6y ar
o . .
r or

92 _
oy

X

0
Oox

8¢ J ar 0 5¢
oy 6¢ 6x 6r ox 8¢
o¢ 0 x 0

P2y
vos| |7 Yox o4

r or

J¢
g 8xJ6¢

7 cos ¢

I
dy/op ox/op )op

rsin ¢

r/cos¢

o _ha
rising )o¢ i 0¢

_[021[ ¢n>fl’ ¢m1 d¢ = (1/27{) IOZT[ ei(ml’m;)¢d¢

(Note that when m;,

Exercise: Normalize the wavefunction ¢'? cos £+ e’

linear combination of "¢

eZi(mlfm,')n -1
=(12n)y—————¢ =0 if m; #my
(m; —m)i
[¢*"™ = 1, n an integer]

and e

= m; the integral has the value 27.)

sin £, and find an orthogonal

3.5 The moment of inertia of a solid uniform disc of mass M and radius R is

I=

Then

1 MR?; hence/=2.5x 10" kgm’
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E=m(h*/21)=(2.2x107" Dym;

The rotation rate is 100 Hz. Hence @ = 27v= 628 s '. The angular momentum is /o =
0.16 kg m®s™'. If this is set equal to |my|h we require |my| = 1.5 x 10*. Since the disc
rotates anticlockwise when seen from below, m; is negative. Hence, m; = —1.5x 10%.

Exercise: How much more energy is required to raise the disc into its next rotational

state?

3.6 See Fig. 3.1. We have plotted

(1/2m)""* cos3¢ form, =3

re @, = (12w V2 cos mg =
P = (1/2m) 9 (1/2m)""* cos4p form, =4

+3 m,= +4

m

Red Imd Red Imd
5 S
= =
= =
0 2 0 2n

Figure 3.1: A representation of the amplitudes and phases of the wavefunction of a particle on

aring (red, real; green, imaginary).
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Exercise: Superimpose the imaginary parts of ¢,, on the diagrams. Draw re ¢ for the

superposition ¢ cos £+ ¢ sin p.

3.7 The Schrodinger equation is given in eqn 3.31:
A y=—QIEIRY)y; A*=(1/sin® 0)(*/04) + (1/sin O)(/26) sin 0 (6/00)
Write = ©®; then with ®' = d®/df and @' = dD/dg, etc.

(1/sin* O)OD” + (1/sin O)D(d/d) sin 6O’ = —(21E/A*)OD

@"/® + (1/0) sin O(d/d6) sin 8O’ = —(2IE/h%) sin® 0

Write ®"/® = —m; , a constant; then

(1/©) sin O(d/d6) sin 0O = m; — (2IE/h%) sin® 0

Because (d/d6) sin @' = @' cos €+ O sin G, this rearranges into

©" sin? @+ O’ sin Gcos O= {m; — (2IE/h%) sin® ;0

Exercise: Identify this equation in M. Abramowitz and I.A. Stegun, Handbook of
mathematical functions, and wite down its solutions.

3.8 The Schrodinger equation is

AN y=—QIEK Yy [eqn3.31]
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1 o> 1 0 .
) > + — —S1
sin“d 0¢~ sinf 00

Write y= @()D(g), A* = n 9% [eqn 3.29], and 2/E/R* = &;

then

2
12 P, 2 41099 200
sin@ d¢* sin6 do dé

Divide through by ©®® and multiply through by sin® &

2 .
i—d ci)+Smgisiné?d—(aJrgzsinz0=0
D dg¢ ® do do

2 2
Write 1do_ -mj}, so e ~m;® which implies that
O dg’ dg’

SImgisian—(aJrg2 sin® @ =m;
e do do

and hence that
sin Hisin Hd—® +&%sin”> 00 —m;® =0
dé dé

and the equation is separable.
Exercise: Is the equation separable if V' (6, @) = af( 0) + bg(¢)?

3.9 Itis sufficient to show that the Y;,, satisfy AzYlml =—I(l+1)Y;y, [eqn 3.33].

Yi=-1@3/2n)" sin 6¢"
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A?sin @¢'? = (1/sin” 0)(8*04%) sin ¢ + (1/sin 6)(8/06) sin 0 (8/06) sin Oe'?
= —(1/sin O)e'’ + (1/sin H)e"/(d/d0) sin Ocos O
=—(1/sin H)ei¢+ (1/sin H)Gi”j(cos2 0— sin’6)

= —(1/sin G)¢' + (1/sin He'(1 — 2 sin®6) = -2 sin He'’

Hence, A*Y;; = —2Y1,, in accord with /= 1.

Ya0= 1 (5/m)"*(3 cos’0- 1)

A*(3 cos?0— 1) = (1/sin G)(d/d0) sin Ad/dE)(3 cos’O— 1)
= —6(1/sin 6)(d/d6) sin*Hcos 0
= —6(1/sin 6){2 sin Ocos*O— sin’ G}

= —6{2 cos’0—sin’ 0} = —6(3 cos’O— 1)

Hence, A*Yao = —6Y5, in accord with /= 2.

3.10
I| Y, [Fdr = l(3/21I)J.ﬂsin2 Hsiné’dé’rnd¢
i 4 0 0

_ %fl(l—xz)dx [x=cosf] =1

[ [ dz = L5/ m) (Beos® 0-1)? sinedejoz”w
= 3[,62 -pia=

[ravde o [Teag=0

Exercise: Repeat the calculation for Y>; and Y3;.
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3.11 From eqn 3.44, E = J(J + 1)(h*/2I) = (1.30 x 1022 1)J(J + 1) [Exercise 3.1]. Draw up

the following Table, using degeneracy g, = 2J + 1:

J | E(10722]) g

0 (0 1
1 [2.60 3
2 17.80 5

3.12 Using the energies in Exercise 3.11, we find

AE(1 —0)=2.60 x 107> J

A1 = 0)=hc/AE(1 —0) =7.64 x 10" m = 0.764 mm (far infrared)

Exercise: Calculate the same quantities for the deuterated species.

3.13 See Fig. 3.2. From Problem 3.11, when /=3 and m; = 0, = 90°, and the angular
momentum vector lies in the equatorial plane; therefore |Y |* will have maxima on the z-
axis, as seen in Fig. 3.2. We also see from Problem 3.11 that as |m,| increases, the
deviation of & from 90° increases; as the projection of the angular momentum vector on

. 2 . .
the z-axis increases, | Y |” becomes larger in the equatorial plane.
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TS L T T
AN T 1727553
AR

N T
’._‘_:-_._w‘ Ilf-r"////;__’-:.'::_*,_
N,

I=2, m= +2

2 N

I= 2, m =1

Figure 3.2: A representation of the wavefunctions and the location of the angular nodes

for a particle on a sphere with / = 2.

Exercise: Draw the corresponding diagrams for / = 4.

3.14  Start with eqn 3.45

and use the form of the wavefunction in eqn 3.46:

y(r,0,4) = R(Y(0,9)

This yields (using eqn 3.33):

2 2 2 2
—h— la—ZrRY+i2/12RY =—h— Zd—er+£2/12Y
2m\ r or r 2m\ r dr r
2 2 _
z_h_ Zder+ Rl(5+l)Y
2m\ r dr r
= ERY
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Dividing the last two lines above by ¥ and multiplying by —/*/2m results in

L&(R) 10+, 2m

r dr? r2 h2 ER

which is eqn 3.47a. Writing k* = 2mE/R* and z = kr gives eqn 3.47b.

3.15 Use eqn 3.57 in the form (with Z=1)
(1/r)(d*/drP)rR + {(ue*2neon’r) — I(L+ 1)/r* YR = —(2uE/R*)R
with
E =—(ue'/32n’ g5 n*)(1/n)  [eqn 3.66]
(8) Rio:n=1,1=0; E=—(ue*/32n’ &5 1), =0
(Ur)(d*/dr*)rRyo + (ue’2menh®)(1/r)R1o = —(2uE/B*)R o
/

Then, because Rjg oc e,

(d*/dr*)rRyo = 2Ry + 1R}y = —(2/a)Ryo + (rla®)Ro

— 2/ar) + (1/d®) + (ue*2neh®)(1/r) = —2uE/h®)

But 2/a = ue*2ngh*; hence 1/a*> = —2uE/h?, so E = —h*/2 ua®, as required.
(b) Rap ox (2 — p)e = (2 — rla)e ™, Eay = -+ (0*/2ua’)
(d*dr*)rRy = 2R}, + 1Ry, o {—(4/a) + (5r124%) — (P/4a’)}e ™
— (4lar) + (512d%) — (r/4a’) + (ue® | 2me,h*) (1/r)(Q2 — rla)
%,—/
2/a

= —QuEIRY)2 - rla)
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—(4/ar) + (512a°) — (r/4a’) + (4lar) — (2/a®) = (1/24°) — (r/Ad’)

= (1/4a*)(2 - r/a)

Hence, —2uE/h* = 1/44, as required.
(c) Ry oc(4- p)pe_” 2 p=2r/3a, I(I + 1) = 2; then proceed as above, obtaining
—2uE/R* = 1/94°.
Exercise: Confirm that R;; and Rj satisfy the wave equation.
3.16 The radial nodes are at the zeros of R,;; denote them r.
(2) was: Ris=0when2 — p=0; p=r/a.

Hence, ro/a =2 or ry =2a =105.8 pm

(b) wss: R3g=0 when 6 — 6p+ p* =0, p=2r/3a. The solutions are

=3+ 3, 0rr=03+3)3a2)=1.90a, 7.10a or 101 pm, 376 pm

Exercise: Find (a) the Z-dependence of these node locations, (b) the location of the
radial nodes of (i) 2p-orbitals, (ii) 4s-orbitals. [A general point in this connection is that
A & S lists the locations of zeros of many functions.]

3.17
[viwndr o | RyRordroc [ 2= 2r/aye e dr
o« j: Qr? - 713 a7 dr = %132 - (2°d13° 2 =0

Exercise: Confirm that y»s and ;s are orthogonal.

3.18 Evaluate |y,s* = | ¥, [P R, = R}, /4.
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1/112S (0) = 4(Zlay’/4n = (1/n)(Zla)® = 2.15 x 107 pm™ for hydrogen
3, (0) = L(Zlay /An = (1/8n)(Zla)’ = 2.69 x 107 pm™>

w2(0) = (6/9+/3 Y(Zla) /An = (1127m)(Zla)’ = 7.96 x 10 pm >

Exercise: Evalute the probability density for a 4s-orbital.

3.19

WPy = [ (U R dr = [ (/)R dr

= (Z/a)(1/2V6)*(Z/a) I:(l/r)rze_zr/”dr = (1/24)(Z/ a)’

For a hydrogen atom, this is 2.82 x 10~ pm .

The general expression is

(Z/a)’

<1/V3>nlm, = T3 .
nl(l+1)(1+1)

Exercise: Evaluate (a) (1//) for a 2p.-orbital, and (b) (1 — 3 cos®8)/r°) for (i) a 2s-
orbital, (ii) a 2p,-orbital.

3.20 I=heR (ie. I=—Ey)

I(H) — I(D) = he(Ryy — Rp) = he(un — pp)e’ 18k &3¢

= (Lt — Up)hcRo/me

M = memp/(Me + mp), pip = memg/(me + mq)
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m m
(1 = pa)/me = ——"————
me+m, m,+my
_ m, (my, —mg) _ m(my —mp)
(mg +my,)(m, +my) mymyp,

me=9.109 38 x 10" kg, my = 1.6735 x 10" kg, mp = 3.3443 x 107 kg;

(ti1 —pip)/me = —2.7195 x 107

Consequently,

I(H) — (D) = —(2.7195 x 107%) x (2.1799 x 107'% J)

=-5.9282 x 1072 J = —=0.357 kJ mol'(~3.70 meV)

The experimental values are 109 678.758 cm ™' and 109 708.596 cm™", so
{I(H) — I(D)}/em ' =-29.838 cm™'(—0.357 kJ mol ™)

Exercise: Evaluate the ionization energy of positronium on the basis of the ionization
energy of 'H.
3.21 For a given value of / there are 2/ + 1 values of m,. For a given n there are n values of /.

Hence, the degeneracy g is

n—-1

g= Y Ql+)=nn-D)+n=n>
=0

Exercise: Calculate the average value of m,2 for an atom in a state with principal

quantum number equal to » but with /, m; unspecified.

Problems
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3.1 Writex=rcos¢@ y=rsing,r= * +y2)1/2, ¢ = arctan(y/x). Then

LG TG (g2 5082,

Ox Orox O¢ Ox or r 0¢
or
— = cos¢£—sm¢i
X or r O¢
Similarly,
— = Sm¢i+cos¢i
y or ro o¢
Therefore,
2
ﬂ:i(gjz(co 0 sing 8}[C0¢ s1n¢ij
ox? Ox \ Ox ar r O¢ r o¢
o G [1 aj
{cos ¢6r sin ¢ cos g— o4
sing 0 ( 6] sing 0 [ j
- 4, — |+
- o\ o) T 5\ ag) [
That is,
2 2 . 2 .2 5
a—=cosz¢a _2s1n¢cos¢ 0 +s1n ¢ 0
ox? or? r orog 2 8¢2
. 2 .
N sin ¢i+2sm¢cos¢i
r o or r? o
Similarly,
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3.4

i B Sin2¢i+2sin¢cos¢ o +cos2¢ o
dy? or* r orog¢ rr o

N cosz¢i_2sin¢cos¢i
roor r? o

It then follows that

o0 o o 1o 10
ot oyr ot ror gt

as in eqn 3.2.
Exercise: Derive an expression for V in cylindrical polar coordinates, x =  cos ¢, y =

rsin ¢, z.

) = j(;” rP(r)dr = I:R2r3dr [eqn 3.69]

(= [ 'Perydr= [ "RPrdr [eqn 3.69]

As in Problem 3.3,

()
(ry= (25;3) (32%)4 j;o (6—6p+p)’ pedp= %
(1) = (2423}@—2)1 <6—6p+p2)2p"_pdp:é
(b)
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(7 \[3(1 j4 ® 25a

= _O 4_ 2.5 _pd :_0

v L81x6agJ 2Z Io( pYpeTdp 27
(7 \(361 ? VA

ry= —0) 4-p)perdp=——
(1/r) L81x6a8J 7 fo( p) perdp 9,

We have used the integrals

jow (6—6x+x2) x’e “dr = 648
j:(6—6x+x2)2xe*dx =12
I:(4—x)2xse_xdx = 1200

j: (4-x)x’e"dx =24

as obtained by using the symbolic integration procedure in mathematical software.

Exercise: Evaluate (1//°) for each orbital.

3.7 Use available mathematical software to find zeroes of the Bessel functions; in particular
find values of z such that J(z) = 0. With z identified as ka (see eqn 3.25), the energies can
be expressed in terms of z as

k?n? z%h?
- 2m - 2ma?

3.10 (a) The moment of inertia of a sphere is / = %MR2 [Problem 10.1]; therefore, on

writing this value as Mr?, we see that r = (2/5)"R.
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(b) Consider rotation perpendicular to the axis. The mass of a disc of thickness dx,

radius R is tpR*dx where p is the mass density of the disc. Therefore,
1= J‘m PR x*dx = L mpR*I
= 1,mP i2 P

The mass of the cylinder is M = mpR*l; therefore I = %Mlz.

Setting this value equal to M ’ gives r=1/(12 )2

3.13 The wavefunction for a particle in a spherical cavity is given by
Y =Nj(r)Y(6,¢)
The ground-state wavefunction is therefore given by NjoYo. (i) Proceeding as in
Problem 3.8, (ii) using eqn 3.48 for jy with £ = w/a (Table 3.3) and (iii) recognizing
that the volume element contains a factor of #°dr, we write the probability for finding
the particle within a sphere of radius a/2 as:
a/2sin?kr
fo (kr)? redr _ foa/z sinkr dr _ foa/z sin? (%) dr

in2 - a . - ra . r
T e e T

pP=

Using mathematical software or standard integration tables yields P = Y.

3.16 Refer to Fig. 3.5. The rotation (a)—>(b) corresponds to 3p becoming 3d, the rotation
(b)—(c) corresponds to 3d becoming 3s.
Exercise: Identify the patterning of the ball that would account for the degeneracy of

two-dimensional f-orbitals.
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Figure 3.5: The projections of a patterned sphere on a plane (the projection stems from the

North Pole).
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Chapter 4
Angular momentum

All the following material © P.W. Atkins and R.S. Friedman.

Exercises
4.1 Since [, = zp, — xp-and . = xp,, — ypx, one commutator is [/, [.] = [zpx — xp-, xp, — yp«].
Since in any representation, the operators x, y, z all commute and similarly the operators

Dx» Dy, p- all commute, this commutator is

[y, L] = (zpxxpy— Xpszpy) — (xppy = ppyXX) ~ (2VpaPx = Papazy) + (PP~ PDXY)
Since, again in any representation, y commutes with p, and p., x commutes with p, and p.,

and z commutes with p, and p,, the above expression simplifies to

[y, L] = —zpy[x.px] =0 — O + yp:[x,py]
In both the (a) position representation and (b) the momentum representation, [x,p,] = i/ so
[, L] = ih(=zp, + yp:) = ikl
Similarly,
[z L] = Depy = yp yp=— 2Dy
= (pypz—yppy) = Oypp=— P=YY) ~ (X2py0y— Py0X2) + (VZDDy — PabyYZ)
=p:Lyp] =0 = 0+ zpfyp)]
= ih(—xp: + zp,) = ihl,
4.2 (L, -] =[L, I, — i) = [, L) —i[L, 1] = ikl — i(—iAly) = A(il,— 1) = —hi-
[+, -] = [l + 1l I, — i) = L, L) —i[Ls, L] + (L), L] — [, 1))
= —i(ial,) + i(=ikl,) = 2hl,

4.3  Using eqns 4.23 and 4.29:
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(@)

1
1.13,3) = (3x 4 —3 X 4)7h|3,4) =0

1 —
1_13,3) = (3 x4 —3 x2)7h|3,2) = V6 A|3,2)

(b)

1 —

1.13,-3)=(3x 4 — -3 x—2)2h|3,-2) = V6r|3,-2)
1

1_13,-3)=(3X4——3 X —4)Zh|3,—-4) =0

4.4 Using eqns 4.20 and 4.21:
(@)
j213.2) = (3 x 4)A?(3,2) = 12#%]3,2)

j=13,2) = 2h3,2)

(b)
jl1L,—1) = (1 x 2)A*[1, —1) = 2R*[1,-1)

J11, =1} = —hl1,-1)

4.5 (a) For [ =4, permitted values of m;are 0, £1, +2, +3, +4.
(b) For [=5/2, permitted values of m;are £1/2,+3/2, £5/2.
4.6 Two operators A and B are each other’s Hermitian conjugate if
{alAlb) = (b|Bla)

To confirm that s+ and s- are each other’s Hermitian conjugate, we note the following

(using eqn 4.34 and the orthonormality of the states a and f):

{als.|a) = Bls.la) = (Bls |B) = (als_la) = Lls_If) ={als_|f}) =0
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The only non-zero matrix elements are

{a|s.1By= h

(Bls_la) = h
Therefore, since 7 is real,
{als. 1By = Bls_la)

and s, and s- are each other’s Hermitian conjugate.

4.7 (a) The matrix element is
(1,0(j,11,0) = 0 X R{1,0]1,0) =0
(b) The matrix element is

(1,11j.11,0) = (L,1|[V1ix 2 —0 x 1h|1,1) = V2*
4.8 An electron has a spin angular momentum quantum number s = %2 and a quantum number
for the z-component of m;= +1/2 (« state) or my= —1/2 (f state). In general, the magnitude
of the angular momentum is given by {s(s + 1)}""*% and the z-component is mh.

Therefore, for both (a) the a state and (b) the f state, the magnitude of the spin angular

momentum is

11\, V3 e
1—(—*1) h=—h=9133x10"%]s
242 2

and for the z-component: (3) /2 =5.273 x 10° Js, (b) —=h/2 ==5.273 x 107 Js.

4.9 The three components of j are j. =i+ jox, Jjy = /1y + j2ys J- = j1- + j2-. We have shown in eqn
4.38 one of the commutation relations of eqn 4.7, namely [Jy, j,] = i%j.. The other two
commutation relations are confirmed as follows:

izl = Uy + Jovidaz + Jaz] = Uadaz] + Uawrdaz] + lizyrdaz] + Uiz dios]
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4.10

411

412

Uzl = Uz + Jozdix + Jaxd = Urzrdr] + Uszdoe] + Uazrdaed + Uszzsdze]

= ihjy, + 0+ 0+ ihj,, = ikj,

A system with two sources of angular momentum, j; = 1 and j, = 3/2 can give rise to
total angular momenta, using eqn 4.42, j = 5/2, 3/2, 1/2. States can be specified as
either
ljymyg: fampad or |jyjaiim;)
[imj1; jomp> states are |1,1; 3/2,3/2>,|1,0; 3/2,3/2>, |1,—1; 3/2,3/2>,
[1,1; 3/2,1/2>,|1,0; 3/2,1/2>, [1,—1; 3/2,1/2>,
11,1; 3/2,-1/2>,|1,0; 3/2,—1/2>,|1,-1; 3/2,-1/2>,
11,1; 3/2,-3/2>, |1,0; 3/2,-3/2>, |1,-1; 3/2,-3/2>
[fij2; jm> states are |1, 3/2; 5/2, 5/2>, |1, 3/2; 5/2, 3/2>, |1, 3/2; 5/2, 1/2>,
[1,3/2;5/2,-1/2>, |1, 3/2; 5/2, =3/2>, |1, 3/2; 5/2, =5/2>,
11,3/2;3/2,3/2>,|1, 3/2; 3/2, 1/2>, |1, 3/2; 3/2, —1/2>,
11,3/2;3/2,-3/2>,|1, 3/2; 1/2, 1/2>,|1, 3/2; 1/2, —=1/2>
For a p-electron, / =1 and s = 1/2. We can construct the state |j, m;> from the
uncoupled states |/,m;;s,m> using the vector coupling coefficients of Resource

section 2:

1172, 1/2>= (2/3)"?|1,1;1/2,-1/2> — (1/3)"2]1,0;1/2,+1/2>

Couple the three spin angular momenta s; = '2, 52 =%, 53 = "2. Coupling of s; and s,
yields angular momenta of 1 and 0. Now couple each of these values with s3.
Permitted values from coupling s; and 1 are 3/2 and 1/2, Permitted values from

coupling s3 and 0 are 1/2. So the net result is 3/2, 1/2 (twice).
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Problems

41 (a)

1, 1,] = (W/i)’[X(0/0z) — 2(8/dy), z(8ldx) — x(8/0z)]  [eqn 4.5]
= (W) {[(0/8z), 2(8/6x)] + [2(8/8y), x(8/02)]}
= (W) [(0/0z), 2)(8/0x) + x[z, (8/62))(8/6y)}

[(0/0z), z] = (0/0z)z — z(0/0z) = 1 + z(0/0z) — z(0/0z) = 1
Therefore,

[, 1] = (B/AY* {p(0/ox) — x(0/dy)} = —(h/i)l.  [eqn 4.6]

=ihl,

(b)

[, L]=[yp-— ZDy, ZPx — XP:]

= y[p- z]p« +py[z, p:)x

Therefore,
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[, L] = (—?j {=yp. +p,x}

Exercise: Evaluate [/,, /] in the position representation

4.4
] ok
IxI=11 1 I
I 1, 1
= IA (Zylz - lzly) - j (lxlz - Zzlx) + kA (lxly — Zylx)
inl= i (inl) + j (inl)+ K (iAl)

Hence, equating both sides term by term reproduces the commutation rules, eqn 4.7.
Exercise: Show that if |; x I; =ikl and |, x |, =iAl,, then | x | = iAl, where | = |; + |5,
but only if [/14, L] =0 for all g, ¢’

4.7 (a)

(b)
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4.10

4.13

2
0 1
s2=sf+s2+s22: lﬁ
d 2 1 0

The eigenvalues of s> are therefore %ﬁz : hence, identifying these with s(s + 1)h”
identified s = 1.

Exercise: Confirm that the following matrices constitute a representation of an angular

momentum with / = 1.

010 0 -1 0 10 0
L=N2)|1 0 1],,=@/ND[1 0 -1|,2.=[0 0 0
01 0 01 0 0 0 -I

Suppose [/, [,] = —1hL, [. = [ + il,; then
(L., L]=hl, [, L]=-hl,and [[", [ | = -2hl,
Then, following the development that led to eqn 4.17,

LLIL my = {LL + [L, L1}, m) = {11, — RL |1, m)

= {lumh — ALY m) = (m — DALl m)

Consequently, L |/, m) oc |[, m — 1) and L_|/, m) oc |I, m + 1); therefore [, is a lowering
operator and /_ is a raising operator.
Exercise: Find a matrix representation of these /, and /, ‘angular momenta’

corresponding to L = 1 (draw on the matrices in the Exercise to Problem 4.7).
In each case / =1 and p, = (p- —p+)/\/§ , Py =(p-+p+) (i/\/z). Thenp; — |1, 1), p- >

[1,—1) and p, — |1, 0) in the notation |/, m;). The [ label will be omitted henceforth.
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(@)

(Palllpy) = (V2) {1 = AL = 1) + |1}

= (W2){-1E = 1) = (UL} = (/2){=h - hj

= —ih
(b) Pallslpy) = W2) {1 = (U} LA - 1) +[1)} =0
(c)
(palblps) = (1/20)(1/~2 YOI = 1) 4] = 1) = 1)}
= (1/2i52 ) {(O)L.] = 1) +(OJL-|1)}
= (12iN2){aV2 + 82} =—in
(d)
(polLdpy) = (1/2)(/ N2 )OI(L + L) {] = 1) + 1)}
= (242 ) {(OIL| = 1) + KOl 1)}
=(@i2V2){hV2 + 82} =in
(e)

(P:ALdpsy = (172)(1/N2 ) 0)(L + 1) 4] = 1y — 1)}
= (1242){(0|L] — 1) = (O|L|1)} = 0

Exercise: Evaluate (p,|l_[p-), (pxy[p-), (Pxllil-|p-), and (dy)|/|d.:).

4.16

[, ] = A’[sin #0/06) + cot B cos #0/0¢), cos ¢0/06) — cot Bsin ¢ (0/09)]

= h*{[sin KB/06), cot Osin ¢ (6/04)]
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+ [cot @ cos K0/0¢), cos K0/00)] — [cot B cos ¢0/0¢), cot Bsin ¢ (0/0¢)]

+ [sin @/00), cos ¢ (2/00)]}

[sin ¥ 0/06), cos H0/00)] =0

[sin 0/06), cot @sin K0/0p)]
= sin #0/06) cot Gsin 0O/0¢) — cot Gsin HO/0¢) sin ¢0/06)
= sin” 0 cot GO6)(8/0¢) + sin’ ¢ cot AE*/0604)
— cot @sin #0 sin o) (8/d6) — cot Osin> H5°/060¢)

= — sin’¢ cosec> A 6/0¢) — cot Osin ¢ cos K/00)

[cot Bcos HO/0¢), cos K0/06)]
= cot @ cos #0/0¢@) cos #0/00) — cos #0/06) cot B cos HO/0¢)
= cot Ocos O cos ¢od)(6/00) + cot O cos>H*/d¢00)
— cos’ O cot AO)(0/0¢) — cos’ ¢ cot X060 P)

= — cot @ cos ¢sin K0/00) + cos g cosec” /O )

[cot B cos HO/O¢), cot Osin H0/0¢)]
= cot’dcos K0/04), sin H0/04)]
= cot’O{cos HO/0¢) sin HO/0¢) — sin H/DP) cos HO/Og)

= cot’O{cos” Ho/dg) + sin> (d/dP)} = cot” Ad/Dg)

[L, 1,] = h*{sin’ @ cosec’ A/d¢) + cot @sin ¢ cos K/DH)
+ cos’ ¢ cosec’ XD/dg) — cot B cos ¢sin H0/06) — cot’ Ad/OP)}
= h*{(sin’@ + cos’ g)cosec’ AD/DP) — cot* AD/0¢)}

= h’{cosec’ A0/0g) — cot’ A/0P)} = h*(0/04) = iAl.
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as required.

[@uzﬁ#-zﬂmmﬁnmf¢ﬁﬂmm&2
06 o¢p 00 o¢p

= —h*| e i+icot Hi ,e_i¢ i—icot Hi

00 o¢ 00 o

= -5 {e”’ i,e_w i} +| ' cot Gi,e_i"’ i

00 00 ol 00

- ewi,e_wi cot Gi —| i cot Hi,e_wico"ei
00 o¢ o¢ o9

= -1 {iei¢ cot Hi e Y i —ie7 i e’ cot Qi
o¢p 06 00 o¢

—ie'? i e cot Hi +ie " cot Hi e’ i
00 o¢p

op 90

+¢e'’ cot Qi e cot Qi —e Y cot 6’iei“j cot Qi
o¢ o¢ ol o¢

= K {cot Hﬁ +1 coseczé’i +1 coseczé’i
—cot Qi —2i cot? Hi
00 o¢

= —2i4*{cosec’d —cot” O} 9
o¢

=—mﬁ251
ol
=2hl,

Exercise: Evaluate [L, /] in this representation.
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4.19

A ~ ~

P K
jl ><j2: jlx jly jlz
j2x j2y jZZ

=i (1y2z = J1g2y) — J (e —jigne) + K 12y = J1y J2x)
=1 (agiy —jov1z) = 1 Gogtx —j2i2) + K Gagie —Jovi1y)
i ik

= |~Jax Ty | = —J2xJi

S Sy iz

Ixi=(i+)x(i+]2)
=hixjithxh+hxh+hxji=hxji+jax]
=1ihj, + ihj, = ihj
Exercise: Under what circumstances do j; and j, satisfy the vector relations set out in

eqn 4.9?

4.22 ji=1,j,=1 gives the states j = 2, 1. The state |j, m;) = |3, +2) is
i, mp; jo, mpp) = 11, + 15 3, +3).
Generate |3, +1) using j_ |%,%>=ﬁ\/§|%a+%> and

j— |%5%> = (jl—+j2—)|1a+1;%a+%>
= A2 |L,0;4, + Dy + AL+ 1L, 1)

2227 2

Therefore,
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A0 =J@273) 11,01, + b+ Ja73) (1,411, -1

Next, generate |— ——) by using
Jo13. 43y =24813,—3

and

Jo 134D = G+ ) (V73 1104+ b+ J173) [ L4 D)

= J2 /328,11, + Dy +[(2/3)a(1,0;1,- 1)
+JA1/3)V2A(1,0,1,-1y+0

= 2/B)a L~ + 1) + (V2 /43)]1,0,4,- 1)

Therefore,
_a__> \/(1/3 |1 925 2>+\/(2/3 |10525
We could generate | = ——) using j_ | %) or, more simply, by noting that there is

only one way to achieve this state since m; = m;, + m;,. Therefore,

The state |4,+3) is orthogonal to |3,+1) so we require

G+ L1340y = (a0, + | +b(L+ 5L, -1
{,/(2/3 ) 1L0;3,+ ) +1/3) [L,+1;4, -1 }

= J(2/3)a+/(1/3)b=0
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Therefore a = —/(1/3), b=1/(2/3) and

1L+ = —(173) [1,0,1,+ 1)+ J273) |1, +1; 1, -1

The remaining |— — ) may be generated using j_|+,+%) and yields

L= =173 [L0;3, - +—/(2/3) [L,-1;3,+3

For the matrix elements, write

| jm;) = Z c(jymy jomy | jm;) | jimy jomy )

mimy

Then

(j’,m;- | Jiz |j,mj> = z z c(jimy j,m; |j’m})c(j1mlj2m2 |jmj)<j1m1'j2m§ | iz | iy jammy )

.
mynty minty

= > > clmijymy | j'ml)e(ymy jymy | jm;)myh

T
mymy mint

5mlml mzmzﬁ Z c(jmy jymy | j'm; )C(Jlmlszz |]m ym

mnty

=5 Z c(jymy jomy ['m  )e(jymy jomy | jm;)my

mynty

Individual numerical values may now be obtained by substituting the coefficients.

Exercise: Repeat the procedure for j; =2, j, = %

4.25 Refer to Fig. 4.3.
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Figure 4.3: The construction used in Problem 4.25.

We shall interpret the question as requiring the angle between the spins projected onto

the xy-plane. The projection of a spin-1 vector (of length %\/5 ) onto the xy-plane,
given its projection of 1 onto the z-axis, is (3-1)""* =1/ 2. Similarly, the projection
of a spin-3 vector (of length %\/B ), with m, = +3,is (2 -3)"? = \/g Therefore, the

projection of the resultant of » and ¢ must account for +/3/2 —+/1/2. Consequently,

2L cos10=(3/2)2 —(1/2)"?

NG

or

J3-1 (J3-1)
2

cos%0=T,0=2arccosL J

The angle between b and c is therefore 137.06°, and that between a and ¢ (and a and b)

is one-half this angle, or 68.529°.
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For the second part, we shall calculate the actual inter-spin angle, 6, by noting that by

symmetry the angles between a, b, and c are all the same. Hence

S1+Sy+S3)-(S1+S2+S3 =S2+S2+S2 +281:S3+28S3+25 S,
1 2 3

_ 3 3 —-949
—3x4+3x2cos6’—4+zcos6’

Therefore,

Zcos @=2,s0 O =arccos(3), or 70.53°

Exercise: Show, by the second method, that for # spins, the angle between vectors is
70.53° in the state with maximum S and M for all n.

4.28

(v Jmljva; jmg)

= Z Z z z C:;’,.lmb’,.z ij,mj2 <j1m}1j2m;‘2 | jlmjljzmj2>

' '
mjl mjz mjl mjz

— %
- Z Z Z z C’"ﬁ’"}z ijlij 5’”}1’”,‘1 5’"}2’”,‘2

"
mjy My Mjy Mo

- 3T Gy = Gy P
- chmjlmjzcmjlmjz - |ij1mj2 |

Mjy mjs Mmjim;s

But {j\j2; jmjljij2; jm;) = 1, which completes the proof.
Exercise: Find a general expression for {jj»; jmj|ji-|jij2; jm;) and evaluate it for (G,

M|11.|G, My); see Problem 4.27.
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Chapter 5
Group theory

All the following material © P.W. Atkins and R.S. Friedman.

Exercises

5.1(a) E, on, 2Cs, 2S5, 3C,, 30y
(b) E, Cs, 0y, 03
(C) E,2Cs, 2C5, C3, 3Cy", 35", i, 283, 2S¢, 3Ca, 0w, 304, 30y.
5.2 (a) E, Cx(z2), Co(y), Ca(x), i, 6(xy), o(xz), o(yz);
(b) E, Cy, i, on;
(c) E, Cy, i, on.
5.3 (a) D3y, (b) Cyy, (C) Dgp.
5.4 (2) Doy, (b) Con, (c) Con,

5.5 (a) HyO:E, Gy, 20y; hence C,,.

(b) COz: E, Cw, Cy L Cs, op; hence %

(c) CHa: E, Cy, 2C5 L Cy, o; hence %

(d) ¢is-CIHC=CHCI: E, C,, 20y; hence %
5.6 (a) trans-CIHC=CHCI: E, C,, op; hence %

(b) Benzene: E, Cs, 6C}, on; hence %

(c) Naphthalene: E, C>, 2C}, on; hence D,
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(d) CHCIFBr: E; hence C,
(e) B(OH)s: E, Cs, on; hence Gy,

Exercise: Classify chlorobenzene, anthracene, H,O,, Sg
5.7 (a) PFs (pentagonal pyramid), corannulene C,0Hj,
(b) all cis-CsHsFs (planar), (c) Fe(CsHs), (staggered).
5.8 Ty4: CHy; On: SFg; I: Cep.

5.9 (a) The group multiplication table for Csis as follows:

First: E o
Second:

E E o

o o E

(b) The group multiplication table for D, is as follows:

First: E Cx(2) C>(») Cs(x)
Second:

E E Cx(2) Co(v) Ca(x)
Gi(2) Ca(2) E Ca(x) G()
&1 Ga(y) Co(x) E Cy(2)
C(x) Ca(x) Ca(y) &16) E

5.10 We need to confirm that (RS)T = R(ST) for all elements R, S and T that appear in the

group multiplication table for C,, in Example 5.2.
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(ECz)O'V = CQGV = O'\', = E(CZUV)
(EG) o, =Cyo, =ov=E(Cyo))
(EO-V)CZ = GVCQ = O'\', = E(GVCZ)

(Eov)o, =ovo, =Cr=E(ov0o))

(EG{,)CZ O'{, C2= O'V:E(O'{/ Cz)

(Eoy)o,

o,ov=C=E(0, 0v)
(Co)E=0E = o, =Cy(oE)

(C2 O-v) 0\’/ O_\’/G; =E= CZ(O-V O-\I/)

(CQO'\',)E ovE = O'V:C2(O';)E
(Cyol)o, =ovoy=E=Cy0o,0,)

(0,00)E =CE=Cr=0(0LE)

(0,0,)C, =C:Gr=E=0y(0,C,)

Since the elements commute in the group Cyy, if (RS)T = R(ST), then (SR)T = S(RT). For

example:

(0.0,)C, =(ovo,) Cr= oo, ) = o(Cro)) =(aCr) o, = o, (0,Cr)

Exercise: Confirm that the elements in the Cs, group multiplication table of Table 5.2

multiply associatively.
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5.11 Write f = (HIsa, Hlsg, O2s, O2p,, O2p,, O2p.); then Ef = f = f1; hence D(E) = 1, the 6

x 6 unit matrix.

Cof = (H1sg, Hlsa, 02s, ~02p,, ~02p,, O2p.)

0100 00
100 0 0 0
001 0 00
—f — D(C»)
000 -1 0 0
000 0 -10
000 0 0 1]

ovf = (Hl1sg, Hlsa, O2s, O2p,, —O2p,, O2p.)

=fD(av)

S O O O = O
S O O O O
S O O = O O
oS o = O O O

S O O O
_ o O O O O

=

o) f=(Hlsa, Hlsg, O2s, -O2p,, O2p,, O2p.)

=D (o))

©c o 0o o o ~
I R =)
©c o o —~ o o
|
—
o - o o o o
- o o © © ©

Exercise: Replace the p-orbitals by d-orbitals, and find the matrix representation.

5.12
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010 0 0 O|jlO1 0 0 0 O
1 00 0 0 0|1 00 0 0 O
D(C)D(C) = 001 0 0 O0[jOOO1T 0 0 O

000 -1 0 O0||O OO -1 0 O
000 O -1 0{jO OO 0 -10
000 0 0 1j]/0 00 0 0 1]
(1 0 0 0 0 O]

010 00O
= 00 1000 = D(E); reproducing C22 =FE
0001 0O

000 O0T1O0

100 0 0 0 1]

[0 1.0 0 0 0][0 1 0 0 0 O]

1 000 O Off1 00 O 0 O
0010 O 0fflOO1T 0 0 O

D(av)D(C2) =

0001 O 0(|lOOO0O -1 00
0000 -1 0(lOOO0O O0 -10
0000 0 1jJ]0O 00 0 0 1]

1 0 0 0 0 O]

01 0 0 0O
= 001000 =D (o), reproducing ovC> = o
000 -1 0O v Y
000 0 10

00 0 0 0 I}

Exercise: Confirm these multiplications for the representatives constructed using d-
orbitals.

5.13 Denote s; + spas s'and s; — spas s". Since
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1 1 00 00
1 -1 0 0 00
(s',s",02s,02p,, 02p,,02p,) = (s4,52,02s, 02p,, 02p,,02p,) 0 0 1000
0 0 01 00
0 0 0010
0 0 00 01
the matrix C is given by ) _
1 1 0 0 0 0]
1 -1 0 0 00O
100 1.0 00
““looo100
0 0 0010
10 0 0 0 0 1]
with an inverse given by
/2 1/2 0 0 0 0]
1/2 -1/2 0 0 0 O
1= 0 0 1 00O
0 0 01 00
0 0 0010
0 0 00 0 1]

5.14 The representatives for C; and oy in the basis (H1sa, Hlsg O2s, O2p, O2p,. O2p;) are
given in Exercise 5.11 and denoted D(C») and D(ay), respectively. The

representatives in the new basis are given by ¢ ' D(Cy)c and ¢ ' D(a)C:

CO5 p.6



Atkins & Friedman: Molecular Quantum Mechanics 5e

0
0

0
0

0 0 O

-1

0 0

0

-1 0 0
-1

0 0 O
0 0 0 O

0

0

0 0 0 O

o 0o 0 o O —
o 0o o0 o —~ o
o o o —~ o o
o o —~ o o o
I
_ = I S S S < S
— 7T o o o o
o o o o —~ o
—_—_ 0 O O O
| R < I )
I 1
— —
coc oo T e 470000
Scoo T oo —— 9o o oo
oo -0 oo oo oo o —~
10000000001_0
S - o o o o _
_ o oo T oo
o 0o 0 o O —
o o —~ o o o
R N i e R
o O
OOOlOO/UOOOO
—
|
o o —~ o o o
~
(@\| N
N o o o o
~ o ooo =7
1_ L
PR Il
—_—_ O O O O
p— p—

D'(C)
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[1/2 1/2 0 0 0 0][o0 1 0 0 0 OJ][1 1 0 0 0 O]
1/2 =1/2 0 0 0 0f/1 0 0 0 0 Of/1 -1 0 0 0 O
D’(JV)=0 0 1 00 O0[l0OO0O10 0 0[O O 1000
0 0 01 00[[00O0OT1 0 0/[0OO1O0O0
0 0 001 0[/[000O-10/[0 O OO0T1O0
0 0 000 1/[000O0 O 1[][0O O 00O 1
[1/2 1/2 0 0 0 O|[1 1 0 0 0 0]
~1/2 1/2 0 0 0 O[[{1 -1 0 0 0 O
{0 0o 100 0ff0 O 1000
10 0 01 0 0[|]0 0 01 0O
0 0 00 -10[l0 0O 0010
0 0 00 0 1J[0 0 00 0 1]
1 0 0 0 0 0]
0 -1 00 0 0
oo 100 0
100 01 0 0
00 00 -10
00 00 0 1]

5.15 H has the full symmetry of the system [definition of symmetry operation], and so it is a

5.16

basis for A; or the equivalent totally symmetric irreducible representation. Therefore,
WHyspans ' x I'if ' spans I’ and y spans I'. But I'" x I" contains A; only if [" =T,
Therefore, the integral vanishes when ' and w belong to different symmetry species.

Exercise: Under what circumstances may a molecule possess a permanent electric

dipole moment?

The point group of a regular tetrahedron is T7jy: three-dimensional irreducible

representations are allowed; therefore the maximum degeneracy is 3. (Accidental

degeneracies could increase this number.)
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5.17

5.18

Exercise: What is the maximum degeneracy of molecular obitals of (a) benzene, (b)

anthracene, (C) an icosahedral molecule?

2(Ciage) = sin(% x 120°)/sin 60° = 0; Y (E) =3

(o) =1 [because py = —py, Px = Px, P- = P:]

The characters for (E, 2Cs, 3oy) are therefore (3,0,1). Therefore, the orbitals span

A, +E.

Exercise: What symmetry species would be spanned if the p-orbitals were replaced by
(a) f-orbitals, (b) g-orbitals?

Carbon dioxide is of point group Dy, The initial wavefunction is assumed to be of
symmetry Y (or A,,); from the character table in Resource section 1, z spans 2. (or

Ajy). By inspection of the character table,

Agy x Ay = Azg

Therefore, the symmetry of the excited state must be Z, (or A,, ).

Exercise: Repeat for y-polarized radiation.

5.19 We need to show that there is a symmetry transformation of the group that transforms

C;"into C5 .There are three C, rotation axes in the point group D3, each of which is its

own inverse. For any of these C; axes, the joint operation Cz_] G C, yields C5 .

Problems

5.1

The sums of the diagonal elements in the matrices in Exercise 5.11 are

HE) =6, 1(C2) =0, x(cv) =2, (o)) =4

Use eqn 5.22 in the form
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ar= (U4 {6°(E) + 0+ 27%(&) + 44" (5))}

Then

a(A) =1 {6+0+2+4} =3a(A)=1{6+0-2-4}=0

a(B1)=%{6—0+2—4}=1a(B2)=%{6—0—2+4}=2

Hence, the reduction is into 3A; + B, + 2B,

Draw up the following Table:

Hlsp Hlsp 02s O2p, O2p, O2p;
Hlsp Hlsp 02s O2p, O2p, O2p;
Hlsp Hlsa 02s -02p, -O2p, O2p.
Hlisg Hlsp 0O2s O2p, -O2p, O2p.
Hlsa Hlsg 0O2s -02p, O2p, O2p;

FomfAl) by using P(A') = %Z ;((Al)(R)R. From column 1,
R

/A= 1 (Hlss + Hisp + Hlsp + Hlsa} = 3 {Hlss + Hlsp}

From column 2, find the same. From column 3, fA‘) = 02s, from columns 4 and 5

obtain 0. From column 6, fAl) = O2p.. Hence

f (Ap) = {% (HlSA + HISB)7 Ozsn Ozpz}

Form f®V: only column 4 gives a non-zero quantity.

f®) =02p
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Form f&: columns 3,4,6 give zero; columns 1,2, and 5 give

f (%) = (L (Hlsy —Hls, ),02p,, }

Only £ and £®* involve linear combinations; the matrix of coefficients (Section

5.6) is therefore given by

{%(HISA + Hlsg), %(HISB —Hlsa), O2s, O2py, O2p,, O2p.}

L 10000
110000
00 1000
= {H1sa, Hlsg, O2s, O2p,, O2p,, O2p.
{Hlsx, Hlsp Px, V2Py p}000100
00 0010
0 0 0 0 0 1]
Consequently,
L -1 00 0 0] 1 1.0 0 0 0]
11 0000 -1 100 00
c_[0 0 1000 |0 01000
1o 0o 01 0 0f 10 001 00
0 0 0010 0 000T10
0 0 0 0 0 1] 10 0000 1

Then, from eqn 5.7b, showing only the H1s-combinations:

L (1 D)1 0 (L -5 (1 0
PE=1_0 )l Jl 1) )
, (1 00 1L -1 (1 0)
=10 b ol )7 o)
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(

=4 )0t

N1 o) (L -1
Yo 1)

D= o=

1
D' (o) = (_1

=
N |—
N—

Il
N\
O =
—_—

—

Because these matrices are diagonal (and therefore also block-diagonal), and the
remainder of D(R) are already diagonal, the entire representation is (block-) diagonal.
Exercise: Consider a representation using the basis (px, py, p-) on each atom in a Cy,
AB, molecule. Find the representatives, the symmetry-adapted combinations, and the

block-diagonal representations.

D(C5 (A)D(C5 (A))

100 O0|[t 00Ot 00O
000 1{l0 01 00100

= - = D(E)
01 00[[00o0 1] ]00T10

001 0[[01 00 ]000O0°711

D (S, (AC))D(C5 (B))

000 110 0 0 170 0 1 0

1 00 0//0 100/ 00071 )
= - = D(S; (CD))
010 0[[1 0000100

001 0[[001 0f |1 000

D (S, (AC))D(C5 (C))

000 110 1 0 0] [1 000

100 o0//oo0oO0T1| |01 00

= = = D(04a(AB))
010 0[[00 1 0l |000O0°1

001 0[[10o0oO0]]00T10
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Exercise: Check three of the group multiplications for the representation developed in

the Exercise accompanying problem 5.2.

5.7 (2) #(As) x #(B1) x 1(B)
=(1, 1,-1,-1) x (1,=1,1,-1) x (1, =1, =1, ) = (1, 1, 1, 1) = (Ay)

therefore, A, xB; xB, = A, in Gy,

(B) (A1) x 1(A2) x (E)
=(1,1, ) x(1, 1,-1)x (2,-1,0)= (2, -1, 0) = «(E);

therefore, A; xA, xE=E in Cs,

(c) By x pE)=(1,-1,1,-1,1,-1)x(2,-2,-1, 1,0, 0)
=(2,2,-1,-1,0,0) = y(E»)
therefore, B, xE,; =E, in Ce,

(d) H(Ep) x y(E1)=(2,2cos ¢, 0)x (2,2 cos ¢,0)
= (4, 4 cos’¢, 0) =(4, 2 + 2 cos 24, 0)

= (A1) + 1(A2) + (Eo)

therefore, E, xE, = A, + A, +E, in C.y

(Alternatively: TI x IT=X" + X7 + A)

(&) AT1) x x(T2) x Y(E)
—(3,0,-1,-1,1) x (3,0, -1, 1, =1) x (2, =1, 2, 0, 0) = (18, 0, 2, 0, 0)

Decompose this using a; = (1/24){18 (E) + 6 (C2)} [eqn 5.23].

a(A)=(124){18 +6} =1  a(Ay)=(1/24){18 +6} =1
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a(B) = (1/24){36 + 12} =2

a(Ty) = (1/24){54 - 6} =2 a(T,) =(1/24){54 -6} =2

Therefore,

T, xT,xE=A+A,+2E+2T, +2T, n O

Exercise: Analyse the following direct products: E x E x A, in Csy, Ay, x Epy in Dgp,
and leg X T22g x E, in O.
5.10 (a)
atbb, 1 A; x A; x B; x By=B; x By=A,; 'A, and *A, may arise.
(b) (i) ae:A;xE=E; 'Eand’E may arise.
(i) e :ExE=A+[A)]+E; 1A1 ,3A2,1 E may arise.
(c) (i) axe:A;xE=E; 'Eand’E may arise.

(i) et :Ex T =T, + Ty 'T,,’T,' T,, and *T, may arise.

(i) tit,: Ty x Ta= Ay +E+ Ty + Ty 'A, AL ECE! T, T, T, and °T, may

arise.

(iv) t12 Ty xTi=A+E+[T]+ Ty 1AI,IE,3 T,, and 1T2 may arise.

(V) 3 :ToxTy=A +E+[T]+Ty 'AE>T, and 'T, may arise.

(d) (i) €:ExE=A|+[A]+E; 'A,’A,, and 'E may arise.

(1) et; :ExT =T+ Ty 1T1,3T1,1 T,, and 3T2 may arise.

(i) t5:TyxTa=A;+E+[T\]+ Ty 'AE’ T, and 'T, may arise.
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Exercise: Classify the term that may arise from d*in Rs, o'nt’ in Cuy, 7% i0t Doghyy ei,t}u

in Oy, and elzg in Degp.

5.13 (a) In Cy, translations span A; + By + B;; hence a ’A, term may make a transition to A
20 _2 240 _2 2, _2 2 ..
x ‘A1 ="A4, B; x “A; ="B4, and B, x “A| = “B; and a “B; term may make trantitions to
A, x *B; =By, B, x °B; = %A}, and B, x *B; = ?A,. In D., translations span X! + 1,
Therefore, because X x I, =%, and IT, x z, =1L, transitions to ° >, and 31, are

allowed.

(b) In Cyy rotations span A; + By + B;. Then, because A x (A, +B; +By)=A,+ B +
B, transitions to 2A,, “By, and *B, are allowed for NO,. Because B; x (A2 +B; +
B,) =B, + A + A, transitions to 2B2, 2A1, and %A, are allowed for CIO,. In Do,
rotations transform as X, + Iy, and because X, x (X, +Ilg) =X +1II,,

transtions to > Z; and * I, are allowed in O».

Exercise: What electric and magnetic dipole transitions may take place from the £,

E>,, and By, terms of benzene?

5.16 For an f orbital, / = 3. We calculate the characters from eqn 5.47b with / = 3. (a)
For a (s, environment, we only consider the symmetry operations £ and Cs for which
angles a can be identified. This is equivalent to working in the rotational subgroup Cs.
For £, a =0 and y = 7; for C3, a = 2n/3 and y = 1. We now use eqn 5.23 with 7 =6

and find a(E) = 2. We can use & = 6 because the character for oy is zero for the

Co5 p. 15



Atkins & Friedman: Molecular Quantum Mechanics 5e

5.19

irreducible representation E. However, since the characters for oy, are nonzero for the
irreducible representations A; and A,, we must revert to using the rotational subgroup
Cs. In this case the angles are a = 0 for E, a = 21/3 for Csand o = 47/3 for Cs*; this
yields characters (7, 1, 1) for (E, G, C32) and use of eqn 5.23 with 4 = 3 (the order of
the group Cs) yields a(A) = 3. Therefore, the symmetry species are 3A + 2E. (b) For a
T4 environment, we only consider the symmetry operations £, C, and C; for which
angles a can be identified. Therefore we work in the rotational subgroup 7. For E, o =
0 and y =7; for C3, a =2m/3 and y = 1; for Cy%, a=4n/3 and y=1;and for C;,a==n
and y = —1. We now use eqn 5.23 with 2 =12 (for group 7) and find a(A) =1 and

a(T) = 2. Therefore, the symmetry species are A + 2T.

We have shown in Section 5.18 that the difference between two infinitesimal rotations
is equivalent to a single infinitesimal rotation and that the reverse argument implies
the angular momentum commutation rules. We show here that the commutation
relation [/, /,] = 1%/ and the definition of angular momentum in terms of position and
linear momentum operators implies the fundamental quantum mechanical
commutation rule [g, p,] = i% and, as a result, the latter commutation rule can be
considered a manifestation of three-dimensional space. We begin by expanding [/, /,]:
[, 1] = Dop=— 2py, 2px— xpz]

= p= 2px] = Dp= xp2] = [2py, 2pa] + [2py, xp2]

= YPZPx— ZpxYP=— (VPXPz— XPYP2) — (2Ps2Px— ZPpazpy) + (2pyXp-— Xp:zp))

= ypulpz 2] = 0= 0 +xp)|z, p-]
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= [z pllapy —ypx}
Since [. = xp,, — ypx, the relation [/, /] = i4l. immediately implies that [z, p.] = iA, the

fundamental quantum mechanical selection rule.
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Chapter 6
Techniques of approximation

All the following material © P.W. Atkins and R.S. Friedman.

Exercises
6.1 The first-order WKB wavefunction is given in eqn 6.6 in classically allowed regions (note
here that £ >V since a and x are positive). With p(x) given by eqn 6.1b,
p(x) = {2m[E —V()]}/? = (2ma)/*x

The first-order WKB wavefunction is

X 1
1 1 C 2ma)zx?
Y(x) = T sin gf(Zma)fxdx +6|= T sin ( 22
(2ma)xz 0 (2ma)*x2
C maql/2
:ﬁsin ([ﬁ] X2+6)
(2ma)ax2z

6.2 The energies of a two-level system are given by eqn 6.15. Therefore, with all energies in

cm ' units,

E; = 2(5000 + 10000) + /(10000 — 5000)% + 4 X 500

yielding £+ =10 049.51 cm ™' and E-=4950.49 cm .
6.3 The wavefunction for the ground-state harmonic oscillator is given by

a \1/2

Yo = (7) e

The first-order energy correction, eqn 6.24, is

Co6 p. 1



Atkins & Friedman: Molecular Quantum Mechanics 5e

b
a a
E(El) = (1/’0|H(1)|¢0) =) f axe™ " dx = 2 atrl/? (1 - e_(ZZbZ)
0

6.4 The second-order energy correction is given in eqn 6.30. Here, H") = g and H* = 0. The

ground-state wavefunction is given by

a 1/2 2.2
Yo(x) = (W) e ® X /2

and the v = 1 wavefunction by
2a3 12 2,2
— - 2
Pi(x) = <W> xe~ ¥ x"/

Since the wavefunctions are real, Hm(l) =H, 0(1); the denominator of the v =1 contribution

to E@is (0+ %) ho — (1 + ') hw = —ho. The matrix element Ho ™ is

e 3\1/2 1/2,,2
H(l) _ a( a )1/2 e—a2X2/2 2a xe_azxz/zdx _ a2 / a 1 _ a
01 Til/2 /2 \2q2 21/211/2
0

Therefore, the contribution to E? fromv =1 is

2

HYHSG a2x< 1 ) a

E§0>_E1(0>‘ﬁ —hw) ~ ho

6.5 As discussed in Section 6.3, to know the energy correct to order 2 + 1 in the
perturbation, it is sufficient to know the wavefunctions only to nth order in the
perturbation. Therefore, if the perturbed wavefunction is known to second order, the
energy is accurately known to 5™ order.

6.6 Following Example 6.5 in the text, we need to decide which matrix elements <s |y | n >
are non-zero. The function for a s-orbital (/= 0) is a component of the basis for 2 and y

is likewise a component of the basis for 'Y, Because I'? x 1V =" by eqn 5.51, we can
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infer that only p-orbitals can be mixed into the ground state. Furthermore, because the
perturbation is in the y-direction, only p, can be mixed.

6.7 The optimum form of the wavefunction corresponds to a minimum in the Rayleigh ratio.
Therefore, we seek the value of & such that the derivative of the Rayleigh ratio with

respect to k vanishes.

dk\ 2m a m a

d <h2k2 thHk> _%k_heRy _

and therefore

_ mhcRy  2ZmmcRy
"~ h%2a,  ha,

6.8 Use the Hellmann-Feynman theorem, eqn 6.48.

dE
FT (0H/aP) = (x?)

6.9 The probability of finding the system in state 2 for a degenerate two-level system is given
by eqn 6.64. Therefore, we should use this formula to find the time for which a

perturbation should be applied to result in P,(¢f) = 1/3, and then immediately extinguish

the perturbation:
sin?|V|t = =
SO
_arcsiny/1/3
o

The perturbation should be applied for this amount of time and then removed.
6.10 The transition rate to a continuum of states is given by Fermi’s golden rule, eqn 6.84.
The molecular density of states here is

2.50 x 10*

= =167 x10%?!
1.50 X 10-18] J

Pm
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Fermi’s golden rule then yields

W = 2nh|V|2py = 2m(1.055x10734]s)(4.50 X 1012s71)2(1.67 x 1022]~1)
= 224 x 1051

6.11 Use the lifetime broadening relation, eqn 6.97.

_ R _L0SSXI0Ts
PTSE T T192x10-24) S

Problems

6.1 First consider exp(+iSi(x)/%). Noting that

d (iS) _ idS (iS)
ax CP\H) TR e P\

we obtain upon substitution of exp(+iS+(x)/%) into eqn 6.1:

pe d2s (iS) . (i d.S‘)2 (iS) L2 (iS) o
nde P\n) T ) P\R)fT P EP\R) T
After factoring out the common term of exp(+iS:(x)/%), we obtain

428 <ds)2+ 2 _ o
M3 dx P =

which is eqn 6.3 for S;. Next consider exp(—iS-(x)/%). Noting that

d (—iS) _ -i dS (—iS)
x P\ ) TR e P\ h

we obtain upon substitution of exp(—iS-(x)/%) into eqn 6.1:

2 -i d2s (—iS) N (-i dS)2 (—iS) 2 (—iS) _o
7 a2 P\ ndx) TP PexpP i) =

After factoring out the common term of exp(—iS-(x)/%), we obtain

which is eqn 6.3 for S_.
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6.4 We begin with eqn 6.13 applied to the wavefunction w_ and corresponding energy F_.
Therefore, from eqn 6.17a and eqn 6.15,
¢ =cos(

c; =sin

1 1
R OO
E_E,_A@ + ES )2d

©) _ o0} 21"
d:K@ —Q,)+4WHF}

Substitution into eqn 6.13 yields, with H;; = El(o), Hy = Ez(o), and Hyy = Hy = | H12(1)| e

1 .
=CO0s Z(El(o) - EZ(O) + d) + sin¢ |H1(;) e? =0

2

cos (|H1(;)

. 1
ip | o 0) _ (0 —
e +251n((E2 E; +d) 0
Multiplication of the first of the equations by sin {"and the second of the equations by

cos ¢ produces

1 .
5 cos {sin Z(El(o) - EZ(O) + d) + sin? ¢ |H1(;) |e1‘P =0

. 1
cos 2{|H1(? e'? + > sin { cos ((EZ(O) —E® ¢+ d) =0
Subtracting the top equation from the bottom equation and using the trigonometric
identities
cos 2{ = cos?{ —sin?¢

sin 2{ = 2sin{ cos{
yields

. 1

cos 2(|H1(;) e'¢ + Esin 2¢ (EZ(O) — El(o)) =0

and therefore, since tan 2¢ = sin 2¢/ cos 2¢,
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-2 |H1(§) el?

tan2{ = ————
(0) (0)
Ez - E1

If we now let ¢ =7 so that ¢ =—1, we obtain eqn 6.17b.

6.7 H=—(h*2m)(d*/dx®) + mgx
H? = —(r*2m)(d*dx*); H" = mgx

E" = (0|H"|0) = mg (x)= L mgL

The first-order correction disregards the adjustment of the location of the particle in the

gravitational field, so £ is the potential energy of a particle at its average height (%L).

For m = me,

EVIL=1mg=447x10""Jm"

6.10 The first-order correction to the energy is given by eqn 6.24:
E = (0|H"|0)

where the state |0) is the ground-state harmonic oscillator wavefunction of Section 2.14:

o 172 ke 1/4
—o2x2/2
X)=|—=| e a=|—
wo(x) (nl/zj (hzj

and the perturbation hamiltonian is

HY = ax® + bx*
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The following standard integrals will be useful:

© 2
Ix3ecxdx=—

We also use the result that if the function f{x) in the integrand is an even function of x,

then
0 0
[ feode=[" fxdx
and if the function is odd, then
0 )
[" reode==[" f(x)dx

(a) The anharmonic perturbation is present for all values of x.

(b) The anharmonic perturbation is only present during bond expansion so H"

vanishes for x < 0.
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o O 22
E(()l) = [n”z jj; e (ax® +bx*)dx

a a 3bn'’?
= TP 20(4+ 8’

a 3b
2a3nl/2 + 8a4

(c) The anharmonic perturbation is only present during bond compression so HY

vanishes for x > 0.

1/2

E(()l) = [ @ JJ:O e (ax3 +bx4)dx

T
( a ) a 3bn'?
i vy R 5
T 2a 8a
a 3b

Exercise: Repeat the problem for the v = 1 harmonic oscillator wavefunction.

6.13 (a) xyp spans B; x A} =Bj in Cyy; hence B, states are admixed.
(b) L.y spans B, x A = B, in Cyy; hence B, states are admixed.

Exercise: : The symmetry of the ground state of ClO, is “B;. What symmetry species of

excited states are admixed?

6.16 H" = esin’g

Form the secular determinant by using
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HY), = (e2m) [ e im0 (e + e~ 2)dgl(-4)

— (&/87) J‘Z“ (eI | Gi2omiem)s _ o ositni-m)by g 4
0

= ~(M) S mr2 + Sgon-2 = 20y}
Consequently,
Hl(,ll) =76 Hfll),—l =35, Hl(,l—)l =-3% HEII),I =-3¢
Sl,l = S_1,_1 = 1; Sl,—l = S—l,l =0
O 16-E —¢ | 2 1 )2
det |H — SE| = —le 1 E=(2g—E) (=4 =0
4 2

Consequently, £ = %g + %g = %g and %g. Find the coefficients from the secular

equations and |ci|” + |c2)* = 1 (or by intuition):

(%S—E)Cl _%SCZ =0 ¢% = _l/lil)/\/z
~jee +(e=E)e, = 0] [ g = (v, +y )2

For the first-order energies we have £ = %g and %5. If desired, check this as follows:

1) _ 1 Q) Q) @) My _ 1 1 _3
H3/4,3/4 = E(Hu +H—1,—1 _Hl,—l _H—1,1) = 3(5+35)—25

@) _ 1 Q) Q) ) @My _ 1 1 _
Hyjgyg =5Hy +HY (+H 2 +HY)) = 5(6—5¢8)=

1
1€

1) _ 1 Q) Q) Q) My _
H3yy =5 Hy —HY _(+H 2, —HY,) =0
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This calculation confirms that H" is diagonal in the ¢,,¢, basis, and that its
4 4
eigenvalues are %g and %5.

For the second-order energies we require the following matrix elements:

HY = (WD)~ 1)

m by

ANHY  =—(e/42) form =3
- - /ﬁ)Hfng = +(g/4\/§) for m; = =3, all others zero

HY | = (N2)HD, +HY )

AN2)H)  =—(e/42) form, =3
- Q! /\/E)Hg)’_l = —(5/4\/5) for m;, = -3, all others zero

EO = m,zhz/Zmr2 = mfA, with 4 = #%/2m#*

Both ¢ linear combinations correspond to [m/| = 1, and so for them £ = 4. For the ¢,
4

combination:

EO = S ARG, HY ) 0= 4]

m;#0

= |H3), 5/ (-8 A)+|HS), '/ (-84) =—£7/1284

For the ¢4 combination:

E¥= Z{Hl(/li,m,Hr(nl,).l/zt /(1_m,2)A}

m;#0

= [H{)) 5P (-8A)+ |H{}) 5/ /(-84) = —£7 /1284
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[The m; = 0 does not in fact make a contribution to the sum.] The energies to second

order are therefore

Eyy=A+36—*1284,E,,, = A+L+s-£*/1284

Exercise: Find the first- and second-order energy corrections for a particle subject to

HY = gsing.

6.19 First, normalize the linear combinations to 1:

[(@)dr =1 ](s, +50)"dr=1[(s] +52 +25,50)dr
=1 +SAC
j(a")zdr =1 —SAC
Therefore,

ajy = (sa+sc)/{2(1 + SAC)}I/z

a” =(sa—sc)/{2(1 - SAC)}I/z

Now construct the matrix elements of H:

j ajHa{dt

Il
]

[aHaydr = [(s, +S0)H(s, +50)de/2(1+ 8,

=(a+ /(1 +Sac)

J.a”Ha”dT =(a— /(1 =Sac)
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Ia{Haédr = j sgH (s, +s)dr/{20+ 8,1 = {2/(1 + Sac)}*p

[ajaidr = (2/(1 + 5x0)}"San  [San = Shc]

Hence, the 2 x 2 secular determinant is

a—E (B-ESap)N2
J(1+840)
det |H — ES| =
(B-ESpp)V2 ( a+y )_ E
| NATS) 1+Sxc

Set V= (SAc/SAB),B; then with SAB =0(.723 and SAC = 0345,

a-F 1.219(p -0.723E
det |1 - £ =‘ (B~0.7230) ‘

1.219(8-0.723E) (a+0.4778)/1.345—E

=0.223E% + (1.7943—- 1.7440)E

+(0.355af+ 0.744 0" — 1.486/5)
Therefore, we must solve
E? +(8.0458—7.821 2)E + (1.592a8+ 3.336 & — 6.664/8) = 0
Write E/a = ¢and f/a = A; then

& +(8.0450—7.821)e+ (1.5921 + 3.336 — 6.6641%) = 0

e=3911-4.0231+ ﬁ22.845x12 —33.0524+ 11.956}

which can be plotted as a function of A4, Fig. 6.2. (The result from Problem 6.18, ¢=1 £

A2, is also shown.)
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10

N

0
------‘---""-1
\
-5
0 05 I

Figure 6.2: The energies calculated in Problem 6.19. The straight lines are the energies
calculated in Problem 6.18.

Exercise: Include overlap in the Exercise attached to Problem 6.18.

6.22

¢r (1) = (1/ih) j;Hg”(t)ei“’ﬁ’dt [eqn 6.71]

cap(f) = (1/in)(2p.lez|1s) f; E(1)e' ™ dt [H(t) = — 1. E(f) = ezE(0)]
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6.25

Set E(?) = y#; note that w15 = %thH/h = (31/2)cRyu. For simplicity of notation, write @

= Wp,1s

exlt) = Helin)2pdal1s) 0’ el de

= (ey/in)2p-Iz|1s){(liw)e'™ + (1/ &) (e — 1)}

|czp(t)|2 = (ey/h)*(2p.z|18Y*(2/@*) {1 — cos wt — wt sin wt + % o'ty

Exercise: Find |czp(t)|2 in the case where the perturbation is turned on quadratically (&

oc tz).

We use eqn 6.87 for the rate of stimulated emission, taking the value of B from eqn 6.88
and the density of states of the radiation field from eqn 6.92b. The transition dipole
moment is calculated by using the hydrogen orbitals R,,/Y;,, where the radial functions
are listed in Table 3.4 and the spherical harmonics in Table 3.2; the transition frequency
vis obtained from the energies in eqn 3.66. For the rate of spontaneous emission, use
the relation between 4 and B in eqn 6.93.

First consider the transition dipole moment £z, for the 3p, — 2s transition.

33 %210
= _eJ. l//_;akpz ZW2sdT == 56 ed

=—1.769eay = —1.500 x 107 C m

Since the lower (2s) state of the atom is spherically symmetrical, the contributions for

3p», 3p, and 3p. are identical. Therefore

i = |l + | + e =3 x 3.131e’ag =6.752 x 107° C* m’
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6.28

The Einstein coefficient of stimulated emission is

2
B= |“—|2 =1.143 x 102 ' m3s2
6,11

The frequency of the transition (with R the Rydberg constant) is

v= (iz—iz) cR=4.567 x 10'* Hz
2 3

and so it follows that

%

3
C

A B=6728x10" s

At 1000 K and for the transition frequency,

3 3
Prad = % = 1.782x 102 J Hz ' m™
e p—
It then follows that the rate of stimulated emission is B = 2.036 x 1072 s whereas
that of spontaneous emission is 4 = 6.728 x 10" s
Exercise: Find the dependence on atomic number of the rates of stimulated and

spontaneous emission for the 3p — 2s transition in hydrogenic atoms at 1000 K.

We use eqn 6.97 to estimate the lifetime 7 from the full width at half maximum, which
we denote A. The latter is converted from a wavenumber to an energy in joules by

multiplication by /c; the full width as an energy in joules is then identified with OF.

7 1

(GE)  2mch
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(a) 7=(2n x2.9979 x 10" ems™ x 0.010 cm™) ' =5.3 x 107'° s = 530 ps

(b) 7=(2n x2.9979 x 10" ems ™' x 1.5 ecm™) ' =3.5x 102 s =3.5 ps

(€) 7=(2nx2.9979 x 10" cms ™' x40 ecm™) ' =13 x 10 s =130 fs

Exercise: What is the full width of the spectral peak if the lifetime of the upper state is

1.0 1s?
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Chapter 7
Atomic spectra and atomic structure

All the following material © P.W. Atkins and R.S. Friedman.
Exercises

7.1 The Rydberg constant R, replaces the u in eqn 7.2 for Ry by me:

m, et 1/ & \° ,mc a?
8h3cef 2\2hceg h 2A¢

72 V=Ruet % {(I/n})—(1/n3)} [eqn7.3]
Rper = Z°(t net/me)Rw  [eqn 7.31b]

1 i = mme/(m + mg), m = m(He**); Ry, = 109 737.31 cm™!

m(He™) = m(3He) — 2me
=4.0026 x (1.660 54 x 10" kg) — 2(9.109 38 x 107" kg)
=6.6447 x 107 kg

Riger = 4R/(1.000 14) = 4.3889 x 10° cm ™
Therefore, the transitions are predicted to lie at

v/em ' =4.3889 x 10° {1 —(1/n*)}, n=3,4,...

=6.0957 x10%, 8.2292 x 10%,9.2167 x 10*, ... 1.0972 x 10°

Exercise: Find the positions of the corresponding lines in Li*.
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7.3 The wavenumber of the transition n, — n; in atomic hydrogen is given by eqn 7.3; we
will replace i by m. and use the value of the Rydberg constant given in the inside front
cover. The longest possible wavelength (smallest wavenumber) for a series will be the
transition from n; + 1 — n; where n; for each series is given in Section 7.1. The shortest
possible wavelength (the series limit) will be given by n, = 0 — ny; in this case, the

transition wavenumber simplifies to Ry % (1/n,’)

(a) For the Lyman series, n; = 1. The smallest wavenumber is

v= (iz-iz) x 1.097 37 x 10° cm ™' =82 303 cm™
> 2

and the longest possible wavelength is
A=1/ v =12150 x 10~ cm = 121.50 nm

The series limit is

=109 737 cm™

and the shortest possible wavelength is
A=1/v =9.1127 x 10° cm = 91.127 nm
(b) For the Balmer series, n; = 2. The smallest wavenumber is

v= (L_Lj x1.09737x10°cm ™' =15 241 cm™!

22 32

and the longest possible wavelength is
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A=1/ v=6.5612 x 107> cm = 656.12 nm

The series limit is
v = 52 =27434cm’
2

and the shortest possible wavelength is

A=1/ v=3.6451 x 10~ cm = 364.51 nm

(c) For the Paschen series, n; = 3. The smallest wavenumber is

V= (iz—iz) x 1.097 37 x 10° em™ = 5334.5 cm”™
34

and the longest possible wavelength is
A=1/ v=18746 x 10" cm = 1874.6 nm

The series limit is

R

7 = 12193 cm!

V=

and the shortest possible wavelength is
A=1/v=82014 x 10~ cm = 820.14 nm

(d) For the Brackett series, n; = 4. The smallest wavenumber is

V= (iz-iz) x 1.097 37 x 10’ cm ™' = 2469.1 cm™
4 5
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7.4

7.5

and the longest possible wavelength is
A=1/v=4.0501 x 10~ cm = 4050.1 nm

The series limit is

= 6858.6 cm™'

and the shortest possible wavelength is

A=1/v=1.4580 x 10 cm = 1458.0 nm

Exercise: Repeat the problem for the spectrum of He".

wme=1/(1 +me/m,) = 1/(1 + 1/207) = 0.995

v= R, {(I/n})=(1/n3)} = 0.995R  {(1/n}) - (1/n3)}

= (1.092 x10° cm™") x {(1/n}) = (1/n3)}

withn;=1,2,...andny=n; + 1, n; + 2, . ... The ionization limit (for n; = 1) lies at
1.092 x 10° cm™'(A =91.58 nm).
Exercise: Predict the form of the spectrum of positronium (e, €°).

Draw on Al = £1. Then the allowed transitions are

1s > 2p,2p — 3d, and 3s —> 5p

Exercise: Which of the following are electric-dipole allowed: 5s — 2p, 5s — 3d, 5s —

51, 55 > 5p?

76 E,= —R/n*. For convenience, take the energy minimum as £ = 0;
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E,=R{l-1n’}=0, 3R, 4R, ER,...

The data fit this sequence with
R/cm™' =2 743 963, 2 744 051, 2 744 067

and mean value 2 744 027. Write R = Z’R., [ignore mass correction]; then Z = 5.00. The
ion is therefore B*".

The ionization energy is given by the series limit (# = o0), which lies at R =

2744 027 cm™'. Hence I = heR = 5.450 87 x 107" J, corresponding to 3.283 x

10* kJ mol ™" and 340.2 eV.

Exercise: Identify the one-electron ion giving rise to a spectrum showing that its np-
orbitals were at 0, 6 666 000 cm ™', 7 901 000 cm™", . . . Predict its ionization energy (in
kJ mol™' and eV).

7.7 The electric dipole transition moment is given by < 3p. | u.| 1s > where

U, = —er cosf
1/2 3/2
e (@) e
s | a,
L \Y2ZNR e 2z 22y
Vne = (Gag) (a_o) (4‘3—%) (3_ao>e "cost

Therefore, the transition dipole moment is

(3pzluzl1s)
1/2

(o) (2)

(—) e~427/3%01-3c0s52@sinfdOdpdr
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The integration over ¢ yields 2n and that over € yields 2/3. The integration over r, which can
be done using mathematical software or standard integration tables, yields

(1/6481%)"*(ag/Z)x(~2187/16). The net result is

729 ea,

3 1s) =

7.8 The spin-orbit coupling constant { for a hydrogenic atom is given by eqn 7.20; here Z =13
(Li2+). Using the values of a and R given in the inside front cover, we find (a) n=2,1=1,

=19.72 cm ; n=3,1=2,{=117cm .
19.72cm ' (b)n=3,1=2,=117cm '

7.9 Li:1s2s',%S),
Be: 1522s2, 'S,
B : 1s%25%2p", ?Pyj, 2P3;2 with ECP 1) < E(*P3j)
C: 1s%25%2p7, 'Dy; *Py, *Py, *Py; 'So

with ECP) < ECP) < ECP,) < E('Dy) < E(*So)

N:1s2s2p% (=) x (I=1)=(L =2, 1, 0)

(I=1)x(L=2,1,00=(L=3,2,1and2,1,0and 1)

Hence, 2p’ gives rise to F, 2D, 3P, S terms. Three spin-% species can give rise to S =

($x3) x4 =(1+0)x$=2+1+1, orto one quartet and two doublets. Three equivalent

p-electrons are constrained by the Pauli principle, and can give rise only to *S, *D, *P.
Therefore, for N we predict *S < °D < P (as observed).

0 : 152s%2p* = 15%25?2p®2p 2 [particle-hole formalism]; this configuration gives rise to
'Dy; °Py, Py, *Pg; 'Sp with °P, < °P; < *Py < 'Dy < 'S

F: 1s%282p° = 1s225*2p%2p™"; 2P 112, *P3s, with “P3 < 2Py

C07 p.6
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Ne : 1s%25%2p°, 'S,.

Exercise: Establish the terms for the atoms Na to Cl.

7.10

H=—(h2me) (Vi +V3+V3) — (3% /Ans){(1/r1) + (1/r2) + (1/r3)}

+ (62/47'(:80){(1/1”12) + (1/1”23) + (1/7’13)}

CHO 4 HY,  HO—H, 4+ Hy+ Hy

H;=—(*2m)V?} — 3¥/ana)(l/r) i=1,2,3

HY = (e*4ne){(1/r12) + (1/r23) + (1/r13)}

HO WD) y(2)y(3) = (H + Hy + H) (1) y(2) 1(3)
= (Hip()} p2)(3) + y(D) {H112)} (3) + D) m2) {H3(3)}
= (E1 + Ex + E3)y(Hy(2)y(3) = EV U 1) y(2) p(3)

Exercise: Write the general form of the hamiltonian for a Z-electron neutral atom, and
show that HOw(1, ..., 2)=E9w1, ..., Z), with (1, ..., Z) a product of one-
electron orbitals.

7.11 We use the notation introduced in Section 7.11 for the spinorbital, a joint spin-space
state of the electron. The Slater determinant (eqn 7.42a) corresponding to the ground

state of atomic lithium, taking the spin state of the 2s electron to be ¢, is

i) vl wa)
wm1,2,3)=13D" p22) vl©2) wi2)
wiB3) wl3) wi®)

Co7 p.7
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We demonstrate here the antisymmetry of y(1, 2, 3) upon interchange of the labels of

electrons 1 and 2. Explicitly expanding the above determinant, we find

w(1,2,3)=1/6)" [yl Qs @) +ylOysQwi3)+
v Oy Qw3 -wsOwl Qi (3) -
vy Qw3 - vl Oy Qs (3)]

while interchange of labels 1 and 2 yields

w(1,2,3)=1/6)" [y Quwl w53 +vlQusOyi3)+
v QO ) -ws QO 3) -
v Qs vl ) -wl Qi Dys(3)]
= _l//(la 2’ 3)

as required.
Exercise: Write the Slater determinant for the configuration 1s%2s' of a lithium atom in
which both of the 1s electrons have the same spin state; show that this determinant is
identically zero.

7.12 To confirm the radial integration in Example 7.2, we need to show

I

—-2Zr1/ag —-2Zr1/ag

2 2
Ty Tr{e ©7rye —
[P—dr + [ 2 drl}rzze 2212/ dr,, =
rz rZ T-

0

We use the following results:

Co7 p.8
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2

rlze—ZZrl/aO
- dn
2
0

T2
2
1 agTry ap
— _f rlze—ZZrl/aodT.l — _e—ZZrz/aO +
r
0

2Z 277
a;
+ (_e—ZZrZ/ao _I_ 1) >
47271,
[e e}
rlze—ZZrl/ao a(z)e—ZZrz/ao 277,
L dn = . +1
T’1 47 a
T2
Substitution of the above two integrals then produces
w (T2 _2Zn © _2Zr
rZe o rZe Qo , 2n
——dn+ | ————dryprye % dny
2 &1
0 \o Ty

oo 3 2.2
:f ez (2002 T2 %
. 27 2z

3 2.—47Zr;/a 3
apr age 2170 (277
+ (—e4272/a0 4 ¢72272/00) 40232 + 7 < 2+ rf)} dr,
Qo

oo 2,2 3
»na aygr
_ —47Zry/a 20 _ —4Z1y/a —27Zry/ag) 20" 2
= -e~ 4T2/%o + (—e7 T2/ %0 - gT24T2 dr.
fo { <4Zz> ( ) 473 | 2

Using the standard integral

[ee]

n!
nyp—ar —_
fr e dr = )
0

we obtain
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Tz _erl 0 _2ZT1

o0
rfe 9 rie , 22
——dny+ | ———dryprye %o dn,
2 &1
0 \o 7y
—2a3 —a; ay an® (-1 -2 23
= + + Z(—) —7+—7+—7
47 47 2Z Z 2 2 2

3 2 2
ay ay Qo

(%)
27\ Zz

as in Example 7.2.
7.13 A 3p Slater orbital of effective nuclear charge Z.s is given by (see 7.41, negr = 3)
Y = Nr2eZem/3a0y,
We first determine the normalization constant N using the standard integral given in the
solution above to Exercise 7.12. Since the spherical harmonic Y is normalized, we only need

to be concerned with the radial integral.

6!a)

e

[00)
1 = j N2rte—2Zef/300p2 gy = N2
0

and therefore

(zzeff)7/2
- N3/
7201/2a]/?

To find the expectation values of 7', we only need be concerned with the radial integral since

the spherical harmonic is normalized. We again make use of the standard integral

[ee]
n!
np—ar j—
fr e 4dr = py
0

(@)
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(ZZeff)7 © eff) co
(r) = 720] fr Zefim /300y 2e=ZefiT/3a0r2qr = 720a] ]r7e—22effr/3aodr
0 0
_ (zgeff) % 78 2la,
720a] (ZZeff)8 27 o
3a,
(b)
% 275\ o0
eff) Zegr ( eff)
(1/r) = fr e 3% (1/r)r2eZ2efT/3%2dr = a frse—zzeffr/ga()dr
720a}
0 0
— (2€Eff) 5! _ Zeff
720ag (ZZeff) 9a0
3ay
(©)
7 7
(ZZeff) D g (deff) o
(1/r3) = warze 3ag (1/r3)r2e Zei/30y2qy = 72007 fr3e_zzeffr/3a0dr
0 0
7
NC O
~ 720a] (ZZeff)4 ~ 405a3
3ag

7.14 Consider the four-electron Be atom with electron configuration 1s%2s%. From eqn 7.49,

E= 2815 + 2825 - (2]1515 - Klsls + 2]1525 - KlsZs + 2]2515 - KZsls + 2]2525 - KZSZS)

Sil’lCC, Jis1s = Klsls; Jrs = KZSZS:v Jis2s = JZSISa and Kios= K2S1S5 this Simpliﬁes to

E= 2815 + 2825 - (]1515 + 4]1525 - 2KlsZs + ]2525)

From eqn 7.48a,

1s = Els + 2]1515 + 2]2515 - Klsls - KZsls

2s — EZS + 2]1525 + 2]2525 - KlsZs - KZSZS

Therefore, substituting the above expressions for ¢ into the equation for £ and again noting

that Jis1s = Kisis, J2s2s = Kosas, J1s2s = Jasis, and Kisos = Kos1s, We obtain

E= 2E15 + ZEZS +]1515 + ]2525 - 2K1525 + 4’]1525

Co7 p. 11
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This is the expression formally found in Problem 7.19.

7.15 'S : J=(0x 0) = 0; hence li
2 2
PJ= (3 x1)=2+1; hence “Py,, Py,
P:J=(1x1)=2+1+0; hence *P,, °P,, °P,
D:J=(1x2)=3+2+1;hence °Ds, °D,, °D,
D:J=( x2)=3+3; hence *Dy,,,°D
: 2 2 "2 5/2> 3/2
'D:J=(0x2)=2;hence 'D,
in. 7_ (3 _ 7,5 3 1.
D:J= (5 X 2)— 5+5+3+3,

4 4 4 4
hence D7/2, D5/2, D3/23 D1/2

Exercise: What levels may arise from the terms 4F, 4D, *p?

7.16 1s12p1 :L=1;5=0, 1; hence lP, 3P with levels lPl, 3P2, 3Pl, 3P,

Energies: °P, < °P, < °P, < 'P, [Hund rules]

2p'3p':L=2,1,0;S=0,1; hence °D, 'D, P, 'P, S, 'S.

Energies: °D, < °D, < °D, < °P, < °P, < °P,

<, <'D,<'P <'S,

3p'3d' :L=3,2,1;8=0,1; hence °F, 'F, °D, 'D, °P, 'P.

Energies: °F, < °F, < °F, < °D, < °D, < °D,

3 3 3 1 1 1
<'Py<’P<’P,< K< D,< P

Co7 p. 12
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Exercise: Arrange in order of increasing energy the levels and terms
arising from 1sl3p1, 3p2, 2541 5g2.
717 (a) d*:L=(2x2)=4+3+2+1+0;S=1, 0 but the Pauli principle forbids *G (and

alternate triplets). Hence 'G. °F, 'D. °P. 'S arise.

(b) £:L=(3x%x3)=6+5+...+0;S=1,0. Pauli forbids °I etc.; hence 'L *H, 'G., °F

'D, P, 'S arise.

Exercise: What terms may arise from the general (nl)2 configuration?
7.18 Using group theoretical arguments (as in eqn 7.70), we find:
(a) For d T®x T® = T 4 [T6)]4+ 1O 4 [ 7O ]+ 1O
T2« 2 PO 4 [ 7O

Since [ I'?] is associated with the antisymmetric singlet spin state and the overall
wavefunction must be antisymmetric, we conclude that (symmetric) I'” (a G state)
must be a singlet state. Similarly, symmetric I'? (a D state) and symmetric T'” (an S
state) must be singlets. The antisymmetric [ e )] (an F state) and antisymmetric [ F(l)]
(a P state) must be triplets.

() For &: TOXx I ==1O+ 1O + TP+ [ TP+ 1@+ [ 1D+ 17O

P12 5 [ — ) 4 [ [0
By the same arguments an in part (a), I'®**” (I, G, D, S states) must be singlet states

and [ T®*D] (H, F, P states) must be triplet states.

7.19 EY = 15BM; [eqn 7.72]
AEY = 1B A vV = (us/hc)B
Therefore, B=hcA v /ug=2.14T when v =1cm .

Exercise: Calculate the magnetic field required to produce a splitting of 1 cm™' between

the states of a 'D, level.

7.20
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_ 1+J(J+1)+S(S+1)—L(L+1)
2J(J +1)

[eqn 7.76]

(@) Jmax=L + S,

L+SHL+S+DH+SES+)-L(L+D)
2(L+S)YL+S+))

gres= 1+

=1+SI(L+S)

(D) Jmin=L —S (for S<L)

L-S)YL-S+D)+SS+H-L(L+D)
2(L-S)(L-S+1)

8gr-s= 1+

=1-S(L=-8+1)

Exercise: Calculate the g-factor for a level in which J has its minimum value, but for

which L < §. Evaluate ZJ (J+1)g, foragivens, L.
J

7.21 Since 'F — 'D is a transition between singlets, the normal Zeeman effect will be
observed: the transition splits into three lines with separation A v = (up/hc)B =
1.87 cm™" for 8=4.0 T [use first part of Problem 7.19].
Exercise: How many lines will be observed in a magnetic field of 4.0 T fora 'F — 'P
transition?

7.22 For the *P — S transition we must distinguish the levels and calculate their respective

g-factors:

J(J+1)+S(S+1)—L(L+1)}
L=S

g’(L:S):H{ 27(J+1)
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Therefore, g/(P) = % forJ=0, 1, 2.

s JJUT+HDHESES+Y|
gJ(Sl)—1+{ 27U+ }JS_1+1_2

AtB=4T,

- 2. - forg, =2
A V=gupBhc=g;x(1.87cm™") = 80em X o8 =2
374cm™  forg, =2

Construct the diagram in Fig. 7.1. The transitions are those for which AJ =0, £1 and
AM;=0, 1.

Exercise: Construct the form of the Zeeman effect on a *F — *D transition.
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g +2
28em'¥  / .
7 +1
P 0
2 \ 1
-2
1 +l
p 2.8 cm A
! AN
~1
3 0
PO
+1
13.7 cm™
3Sl < O A 4
-1

Wavenumber —

[P

Figure 7.1: The energy levels, transitions, and resulting spectrum of the atom treated in

Problem 7.22.

7.23 We seek a solution to eqn 7.98 for the function y:

dZy X3/2
dx? _ x1/2
where
x = ar
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with
a =2(4)*3713/(3m)*/3

The density p is given in terms of the function y by eqn 7.62. To proceed, assume far from the

nucleus that y is proportional to x”. Taking,

d2
d_x)z( =am(m — 1)x™2
% = a3/2me_E
Equating the above two expressions yields:
3m 1
m—-2=——= som= —3

and

am(m—1) = a%?% =12a so a = 144

Substitution of y = 144x* into eqn 7.62 yields

32Z°
P= 9 (ic_() ~ 93

x —_—
a3 r6

323277 (1728) 614477 1
x6 )

The density is therefore proportional to 1/7° and the constant of proportionality is

614472 614-4-22(3‘1'[)4 4976641
= = = 30.375™
abm3 m3264472 16384

Problems
7.1 (n'l'm{ |w,,|nlm) o< [ R, Yk 7Y, R, Y, r*drsin 6d6d¢

The proportionality factor is irrelevant; but because z = 2(n/3 2,y pvandxtiy=7F
prop y Ly

2(2n/3)1/2rY1¢1, with gy = g and g1 = F(ue £ 1p)/ V2, itis equal to —2(n/3)"?e.] Then
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7.4

(n''mj |, | mlm) o< [ © R, Ry dr [ Y 1, %, sin 606d¢
Because

)
Y;

mj

N Yo, o €Xpi(my +m—mp)¢;

the integral vanishes unless m; = m; + m; therefore Am; =m =0, 1. Since the spherical

harmonics are bases for "), TV, and ' in R3, their product is a basis for the totally
symmetric irreducible representation only if (/, 1, /) satisfies the triangle condition.

Hence /' =1, [ + 1. The parity of Y},, under inversion is —1. Therefore Yl’m,’ and Y;,, must

be of mutually opposite parity. Consequently /' =/ is excluded, and we conclude that A/
= +1. There is no symmetry constraint on the r-integration, and the radial integral is
nonzero for all values of n' — n. [There are symmetry properties of radial integrals—
recall the high, hidden symmetry of the Coulomb potential: see M.J. Englefield, Group
theory and the Coulomb problem, Wiley-Interscience (1972).]

Exercise: Establish the selection rules for the electric quadrupole transitions of atoms.
[The transition operators are proportional to the quadratic forms xx, xy, etc., which

themselves are proportional to the Y,,.]

hely = hzj: E(PR:(r)ridr [eqn 7.15]

= (Z&*h* [8me,mc?) j: (/rR3(r)dr  [eqn 7.16]

= (Ze*h* 8me,m>c){Z° [ n’l(1 + 1) (1 +1)}
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[Use the values of /7 quoted in the solution of Exercise 3.19.]
Exercise: Find a relation between (1/7°) and 1/(r)’ for an electron in a hydrogenic

orbital.

1.7

Ew() = Exoj = 1) = 3 heGu{fG + 1) = (G = 1)j}

=jhcg”n;

Exercise: Show that the difference of the squares of neighbouring level energies is
proportional to /.

7.10 (nlm|HV\nimg)y = —(1/2u¢”)nlmi|(Epm, — V) \nlmy)

= —(12uc?nlm| B2, + V= 2VEpm Inlm)

nim;

=~(12uc*){E},, + (nlm |V nlmy) — 2nlm|Vinlm)E )

nim,
From the virial theorem

(Ey=(D)+(N)= (55 +1XV)=5(V) [s=~1"for Ve /r]
Consequently

(nlm | HO|nlmgy = —(172uc®) {nlm| V nlmy) - 3E,, }
V2= (& lAna) (1/%); E,, = (hcRu)’/n’

(nlm)(1)nlmgy = (1/a) {1/ + Ly n’)}
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[See L. Pauling and E.B. Wilson, Introduction to quantum mechanics, McGraw-Hill

(1935), p.145, for values of (1//¥).]

(nim|H |nim)) = —(1/2#02){(6 /Aneya)” 3(heRy) }

I+ %)n3 n'

1 3
— L fuc? __2
2 &K (+DHn’  4n®

For the ground state (n =1, / = 0):

E" =(100[H"|100) = -3 &' uc® = =1.450 x 102 T (=7.299 cm ™)

Exercise: Find the first-order relativistic correction to the energy of a harmonic
oscillator.

7.13 Consider a two-electron system involving two orthonormal spinorbitals ¢, and ¢,; for
simplicity of notation, these will be denoted a and b. Explicit expansion of the Slater

determinant (eqn 7.42a) yields
1
V2

Now consider the one- and two-electron operators in eqn 7.43. To confirm the Condon-

w(1,2) = —{a(1)b(2) — a(2)b(1)}

Slater rules given in eqns 7.44 and 7.45, keep in mind that
(aMla(1)) = (a(2)|a(2)) = (b(D)[b(1)) = (b(2)|b(2)) =1
(a(MIb(1)) = (a(2)|b(2)) = (b(D]a(1)) = (b(2)|a(2)) =0

First, consider the one-electron operator Q; = (1) + Q(2).
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(P12, |¥) = %(a(l)b(Z) —a(2)b(1)]2(1) + 2(2)|a(D)b(2) — a(2)b(1))

= %{(a(l)lﬂ(l)la(m +(a(2)12(2)|a(2)) + (b(D)]2(1)|b(1))
+(b(2)[2(2)|b(2))} = (a(DI2(D)|a(D)) + (b(D)]2(D)[b(D))

which is eqn 7.44a. The last line above follows from the indistinguishability of

electrons 1 and 2 so that, for example,

(a(D]2M)]a(D)) = (a(2)]2(2)|a(2))

For the two-electron operator £, = Q(1,2):

(P12,|¥) = %(a(l)b(Z) —a(2)b(1)|2(1,2)|a(1)b(2) — a(2)b(1))
= %{(a(l)b(Z)lﬂ(LZ)Ia(l)b(Z)) +(a(2)b(1)|2(1,2)[a(2)b(1))
—(a(M)b(2)12(1,2)|a(2)b(1)) — (a(2)b(1)12(1,2)|a(1)b(2))}
which is eqn 7.45a. The other Condon-Slater rules involve one-electron and two-
electron-excited state wavefunctions. Consider first the one-electron-excited state

wavefunction:
1

\/E{a(l)C(Z) —a(2)c(1)}

The one-electron integral is (recalling the orthonormality of all spinorbitals)

¥Yp(12) =

1
(Pl |¥5) = 5{a(D)b(2) — a(2)b(D)I2(D) + 2(2)]a(D)e(2) — a(2)e(D))

1
= S Ub@I2D)]e(2) + (bMI2MD)Ie(D)) = (b(D)I2(D)]c(1))

which is eqn 7.44b. The two-electron integral is

1
(F12,|%5) = (a(D)b(2) — a(2)b(D)[2(1,2)[a(1)c(2) — a(2)e(1))

= %{(a(l)b(Z)IQ(LZ)Ia(l)C(Z)) +(a(2)b(D12(1,2)|a(2)c(1))

—(a(W)b(2)12(1,2)|a(2)c(1)) = (a(2)b(1)|2(1,2)|a(1)c(2))}
= (a(2)b(D12(1,2)[a(2)c(D)) = (a(2)b(1)|2(1,2)|a(1)c(2))

which is eqn 7.45b, the last line following from the indistinguishability of electrons 1

and 2. The last of the Condon-Slater rules involves the two-electron-excited state
wavefunction
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1

ped(1,2) = NG

{c(1)d(2) — c(2)d(1)}
The two-electron integral is

(¥]02|a5) = %<a(1)b<2) — a@bMI2(1,2)|e(1)d(2) = c(2)d (1))

= %{(a(l)b(Z)IQ(1,2)IC(1)d(2)) +(a(2)b(D)|2(1,2)|c(2)d(1))

—(a(1)b(2)]2(1,2)|c(2)d(1)) = (a(2)b(1)[2(1,2)|c(1)d(2))}
= (a(Db(2)12(1,2)[c(1)d(2)) — (a(1)b(2)|2(1,2)[c(2)d(1))

which is eqn 7.45c.
716 'E—’E=(E,+ Ey+J+K) — (Ea+ Ey+J - K) = 2K [eqn 7.37]
{'E(1s'2s") = *E(1s'28" Y /he = (166 272 — 159 850) cm ™' = 6422 cm™!
Therefore,

Kisns/he=3211cm™  (0.3981 V)

{'E(1s'3s") = *E(1s'3s")}/he = (184 859 — 183 231) cm ™' = 1628 cm™
Therefore,
Kigi3s1/he = 814 cm™'(0.1009 V)

Exercise: The terms of Li* lic at 491 361 cm™'(1s' 2s' 'S), 476 046 cm™ (1s'2s' °S),
554761 cm™'(1s' 3s' *S), and 558 779 cm™'(1s'3s' 'S). Find K\¢12¢1 and K131 and

suggest reasons why they differ from those for He.
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7.19

1s() 15(1) 2s(1) 25(1)
Lls@) 1502 2s2) 25(2)
1s(3) 153) 2s(3) 25(3)
1s(4) 15(4) 2s(4) 25(4)

w=(1/41)

where 1s and 2s denote « spin-orbitals and 15 and 25 denote 4 spin-orbitals.

(s(l) ... 2s @IIH][[1s(1) ... 25 D))

= (1/4)"([1s(1)15 (2)25(3)25 (4)] - [1s(1)1 5 (2)25 (3)25(4)]
— [1s(1)25(2)15 (3)25 (4)] + [1s(1)25(2)25 (3)15 (4)]
+[1s(1)25 (2)15 (3)2s(4)] — [1s(1)25 (2)25(3)15 (4)]
— [15(1)1s(2)25(3)25 (4)] + [15 (1)15(2)25 (3)25(4)]
+[15(1)25(2)15(3)25 (4)] - [15 (1)25(2)25 (3)15(4)]
—[15(1)25 (2)1s(3)2s(4)] + [15 (1)25 (2)25(3)15(4)]
+[2s(1)15(2)15 (3)25 (4)] — [25(1)1s(2)25 (3)15 (4)]
—[2s(1)15(2)15(3)25 (4)] + [25(1)15 (2)25 (3)15(4)]
+[2s(1)25 (2)1s(3)15 (4)] — [28(1)25 (2)15 (3)1s(4)]
— 25 (1)1s(2)15(3)2s(4)] + [25 (1)1s(2)25(3)15 (4)]
+ 25 ()15 2)1s(3)25(4)] — [25 (1)15 (2)25(3)15(4)]
— [25(1)25(2)1s(3)15 (4)] + [25 (1)25(2)1 5 (3)1s(4)]

><[T1+T2+T3+T4+V1+V2+V3+V4+ V12+V13+V14+V23+V24+ V34]

C07 p.23



Atkins & Friedman: Molecular Quantum Mechanics 5e

x det [1s(1) ... 25(4))

= 2E,, +2E,, +(Is(D1s(2)|V,,| Is(1)1s(2))

+4(1s(1)2s(2) |V}, 1s(1)2s(2))

H2s(1)25(2) [P,| 25(1)25(2))

~2(1s()2s(2) /3, 25(1)1s(2))

[many terms are identical in value], with

As(D1s(2)V121s(1)1s(2)) = jofwli (OA/ry )y (2)dzdr,
[jo = +€*/4n&)]

(Is(1)2s(2)V12/1s(1)2s(2)) = J, I i, (D(U/n, )y 5 (2)d 7 dz,

(2s(1)2s(2)V12128(1)2s(2)) = J, f v (DU, )y 5, (2)dz,de,

(Is(1)2s(2)[V1228(1)1s(2)) = J, les Oy, A/ 1)y 2y, (2)d 7 d7,
In terms of the Hartree—Fock expressions [eqn 7.49]:

E= 2Els + 2E2s + {(2J1sls - Klsls) + (2«]2525 - K2s2s)
+ (2-]1525 - KlsZs) + (2J2515 - K2s1s)}
= 2Els + 2E25 + {Jlsls + J2525 + 4J1525 - ZKISZS}

=2F +2E,

+ (Is(DIs(2) [, 1s(D1s(2)) + (2s()25(2) 1, 25(1)25(2))

+ Kls(1)2s(2) V15| 1s(1)2s(2)) — 2(1s(1)2s(2) | V7, | 25(DIs(2))

as before.
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Exercise: Find an expression for the (Hartree—Fock) energy of Ne and for its first

ionization energy.

7.22

U

In the Thomas-Fermi method (see eqns 7.58-59),

5 Z p(ry)
- 2/3 _ ;2 . PN
u 3Cp(r) ]Or+]0f|r_r1|dr1

To impose the additional constraint

jofe‘z"rvzp(r)dr < o

we introduce a Lagrange multiplier A for the additional constraint, producing

5 Z p(ry)
=— 2/3 _j 24 | 22T — i U2 (a—2kr
I 3CP(T) Jo, +Jof |r—r1|dr1 AjoV= (™)

Since (see Further information 14.1 and the steps leading to eqn 14.112)

4ke—2kr
r

VZ(e—Zkr) — 4k2e—2kr _

we find, by setting 4k4 = Z,

5 Z
= CP(T)2/3 —]'07

"3
p(rl) Z]O 2 —2kr 4ke_2kr
) R il dry e 4k-e "

5 Z _ , p(ry) , -
=3Cp()? —jo—(1 - e727) +]0fmdrl — Zjok e 2

—2kr

The presence of the term (1 —e ) removes the singularity at » = 0.
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Chapter 8
An introduction to molecular structure

All the following material © P.W. Atkins and R.S. Friedman.

Exercises

8.1 Substitution of the trial wavefunction ywy into eqn 8.2, and using eqn 8.1b, yields
(T, + Ty + VI = EYnfy

Since the nuclear wavefunction does not depend on electronic coordinates whereas
the electronic wavefunction depends (parametrically) on nuclear coordinates, we can

write
(U TP + Ty + Vi) = iy

Consider the term Tnyw.

A A A

T _Zfﬁaa _Zh:6‘ Iy fo@ oy
z\'wwl‘x‘ - gfn_r 5‘2; az}lﬁlﬂ!\- - 2_}71! aZ‘rlp az.’ 2-'??11821 lle az_y

I=1 =1 I=1
_ _QZ he oy awh—_z h* wa*u,bf_-_z h* wr:a*yfa
— 2m;0Z,; 0Z, r_12m‘r 0Z7 — 2m; " 4Zf

= W+ YTy

where we have used the definition of W in the equation following eqn 8.4. We

therefore obtain

(UnTY + W+ YTy + Vi) = Egy

which is eqn 8.4.
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8.2

8.3

The Schrdodinger equation for the total wavefunction ¥ of the hydrogen molecule-ion

is

where the laplacian in the first (second) term is with respect to electronic (nuclear)

coordinates and the potential energy V is given by
‘]:‘TE‘D |R1 R, | Z 4ms, |) R,;|

The Schrodinger equation for the electronic wavefunction y, within the Born-

Oppenheimer approximation, is

s

—_ 7w+ Vu=E
2m, v=Ev

and that for the nuclear wavefunction yy is

-

2 B
- ZWV:WN + Epy = By

& r
i

=1

The secular determinant is given in Section 8.3(a), immediately preceding eqn 8.16.

Expanding the determinant yields

(a—E)(a—E)— (B—ES)(B—-ES) =

Therefore

(a—E)* = (B - ES)

with roots
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a—F

a«a—E= B—ES = E_

T -3
_ _ . _ a+B
«—E= —(B—ES) = E.= TS

To find the coefficients c4 and cg, we use eqn 8.14. For energy E_,

cala—E_ ) +c(B—E.S)=0

a—aS a-—f f—BS aS-—pS
C"((l—S)_(l—S))_63((1—5)_ (1—9) )

ci(B—as)+ cs(B—as)= 0

Ca = —Cg

and requiring that the wavefunction ca(ya — ys) be normalized yields:
J ci(xi—2xaxs+ x3)dr=1

c2(1-25+1)=1
1
. =

AT
J201-9)

Similarly for energy E-,

ci(a—EL) +cs(f—E.S) =0

a+a a+f B+BS aS+f
C"((l—ss)_(l—S))*CB((1—55)_ (i—s;)

cylaS—B)+ cz(B—as)= 0

Cy = Cp

and requiring that the wavefunction ca(ya + ys) be normalized yields:
J (i + 2xaxe + x2)dr=1

c2(1+25+1)=1
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1

C, = ——
J20+5)

8.4 First, since each electron is in a g-orbital, ;= 4, =0, so 4 = 0, corresponding to a £
term.

Second, with regard to the overall parity of the state, since g X u = u, the term must be
u parity.

Third, if the two electrons have opposite spins, the term has § = 0 and is a singlet
(multiplicity of 1); if the two electrons have the same spins, the term has S =0 and is

a triplet (multiplicity of 3).

Finally, each oc-orbital has a character of +1 under reflection in a plane that contains
the internuclear axis and since (+1) x (+1) = +1, the term includes a right superscript
of +.

As a result, the terms that arise are '=; and X7 .

8.5

v(.2'50 )= () . Oy @)+y. (1)} (12)
v (1,275 )= () . O 2)-p. Q)y_()}e. (12)

where y; and y- are defined in eqns 8.24(a) and 8.24(b) and the spin states ¢_and o+
are defined in Section 7.11. Note that there are three possible o states corresponding to

values of Mg of +1, 0 or —1.

8.6 The question refers to the orbital part of ¢; ¥; + ¢3 ¥ which we denote . Noting, and

therefore ignoring, the spin factors that are common to ¥ and %, we obtain, denoting

a=yab=ys and lo= (a+b)/2, 20= (a—b)/\2]

w=c1lo(1)1o(2) + c20(1)2(2)
= sci{a(l) + b(1)} {a(2) + b(2)} + 5 cs{a(1) = (1)} {a(2) - b(2)}
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= %cl {a(Ma(2) + b(1)b(2) + a(1)b(2) + b(1)a(2)}
+ 5 esta(Da(2) + b(1)b(2) - a(1)b(2) - b(1)a(2)}
= %(cl + c3){a(D)a2) + b(1)b(2)} + %(cl —c){a(1)bQ2) + b(1)a(2)}
as in eqn 8.30.

8.7  Expansion of the secular determinant in eqn 8.32 and setting the overlap S to zero

yields

(a, — E)(ag— E)-p*=0

which produces the following quadratic energy for the energy:

E*+ E(—ay—ag)+ (“.a“a_ﬁ’:) =0

The roots to the above equation are

1 1, = S
E= 5(“3 T ag) :5'\-'-('5"'-'3* (‘:.’3)" - ‘1'[&3“3 - £%)

1 = 3
= 3 (ay+ag) oV (e —ag)® +4p°

1

1| ] 4p°
= 5(‘1’;&_“3) T3 (“3_“3)'{1_(“—}

_2\! a—ag)?

1 { y -
=5 laytag)tola, —aglV1+48%/(ay —ag)®

When the two orbitals have greatly differing energies, |oa — as| >> f, and using the

172

approximation (1 +x)“ =1 + Y2x, we obtain

E = l(“:«_ﬂgjilh_sx_“al{l_(z—ﬁ_}

2 2 a, —ag)®

3!

a _aq|

A

1
= —(ﬂ.-&_“a}I;mA_ﬂ:'

- |

With ag greater than a, we have the roots
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as in eqn 8.33.

8.8 Refer to Fig. 8.18 of the text.
(@) C, :lo;loi Imy, 'S,

(b) C; :lo;loy’1n;, 11

(c) C; :loloy’1n}20,, °2;
(d) Nj : lo;loi1m, 26, °%;
(e) N3 :lojloy’Imy 20, 1my, 11,
(f) E :lo,loy Im, 20,1, 11,
(0) Nej : lojloy I, 20,1y 205, °2y
where the superscript * indicates an antibonding molecular orbital.
Exercise: Predict the ground configurations of Nay, S; and HCI and decide which terms
lie lowest.
8.9 We use the results of Exercise 8.8; only the molecular orbitals formed from the n =2
atomic orbitals need be considered since the lower energy molecular orbitals (from # =
1 atomic orbitals) are completely filled and thus have equal number of bonding and

antibonding electrons. In Exercise 8.8, the antibonding molecular orbitals are

designated with a * superscript.

() Cy:bond order=1(6-2)=2 HOMO = Ixn,; LUMO = 2a,
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(b) Cj:bond order = 1(5-2)=1.5 HOMO = In,; LUMO = 20,
(c) C;:bondorder = 1(7-2)=2.5 HOMO =20y LUMO = Ix,
(d) Nj:bond order = (7 -2)=2.5 HOMO =20y LUMO = Ix,
(e) Nj;:bond order = (8 —=3)=2.5 HOMO = Ing; LUMO =20,
(f) F; :bondorder=1(8-5)=1.5 HOMO = Ing; LUMO = 20,
(g) Ne;: bond order = %(8 —-7)=0.5 HOMO = 26,; LUMO = 30,

Exercise: Find the bond orders of the dications C3" and F;* as well as the dianions

C3 and F;".

8.10 The secular determinant for the cyclopropenyl radical is

Expanding the determinant results in the following cubic equation:

(a—E)¥ —3(a—E)F~+28°=0

which, with x = a —F, can be written as

xP—-36x+28%=0

(x=B)(x+28) =0

Therefore, roots are x = f3, 5, —2f5. The energy levels are £ = o — 5, o — 5, o. + 2. The
total m-electron energy is 2(a + 2f) + (a — ) = 3a + 3 and the delocalization energy
is

Eseoe = 3+ 3 —3(a+f) =0

and the radical is not predicted to be stable.
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8.11 The Hiickel molecular orbital energy level diagram for benzene is shown in Fig. 8.30 of
the text. Whereas benzene has six n-electrons, its cation has five and its dianion has
eight. To compute the delocalization energy, recall that each n-electron in an
unconjugated system contributes an energy of a + f.

(a) The benzene cation has a ground-state electron configuration
aguef’ ., and a total -electron energy of 2(a + 2/) + 3(a + p) = 5a + 7p. Therefore the

delocalization energy is
Sa+T7-5(a+ P =20
(b) The benzene dianion has a ground-state electron configuration

aiuefgegu and a total n-electron energy of 2(a+20) + 4(a+ )+ 2(a— P =8a + 64.

Therefore the delocalization energy is

8a+6L—-8(a+ P ==20

and the dianion is predicted to be unstable.

Exercise: Repeat the problem for C,H} and C,H; .

= Complex Number unpaired Stor Multiplicity
electrons
d' 2 1 3
& 1 Y 2
d° 0 0 1
d’ 1 Y 2
8.13
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Complex Number unpaired Stor Multiplicity

electrons
d* 4 2 5
d 5 512 6

8.14 (a) In a tetrahedral environment (symmetry group 7g), the d-orbitals span E(d.2, d,-,2)
and Ty(d, di, d,-). [Refer to the Ty character table; d,, oc xy etc.]
Exercise: Determine which symmetry species are spanned by the f-orbitals in a
tetrahedral complex.
(b) See Problem 5.16(b) in Chapter 5. The symmetry species spanned by f-orbitals in
the rotational subgroup 7 are A + 2T.
8.15 From Section 8.11, we have the following two equations:
(@) w(x) = AT 4 perilah
(b) w(x) = Ce”* 4 D Prib-
Differentiation of the above equatioins produces
() u}(x) =id(a— k) —iB(a+ k)e**
(b) uf(x) = C(B—ik)ye” ™ — D(B+ ik)e /"
The conditions ux(a) = u(—b) and u; (a) = u; (—b) then lead to the four statements in

Section 8.11 of the text, and hence to the determinant in eqn 8.44. For the equivalence

to eqn 8.45, use symbolic algebra software.

Problems

8.1

Flio=/R) {1 —=(1 +s)e ™}, s=Rlay, jo=eldng

Kljo=/ag){l +s}te”, S={l+s+ %sz}e_s
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E.—Eis=jo/R—(G +K)/(1+S) [eqn8.23a]

E.—E=jo/R+( —k)(1-S) [eqn8.23b]

/R)[1=(1+s)e 21+ (ag)[1 +s]e }

E. — E1)jo = (1/R) —
( 1s)jo = (1/R) { L[l +s+ 187

N

Ca=2s)+ sy | (o)
- R

1+ (1+s+1s%)e R

N

2 s
(E+ — Eis)(aoljo) = {(1—§s )+(1+s)e }(e N

1+ (1+s+1s%)e s

I-(l+s+1s)e™

CT(1—De_4 2 e s
(E—_Els)(ao/jo)Z{z [A-25-3s7)+(1+s)e"]e }(1)

(a— Eis)aoljo) = [/" + (o/B)](aoljo) [eqn 8.20]
= (1 + s)(e */s)

(B = ExsS)aoljo) = [k’ + (joS/R)](aoljo)  [eqn 8.21a]

=(1- %ﬁ)(e%)

The E: — Ej5 values are plotted in Fig. 8.1; the a and £ integrals are plotted in Fig. 8.2.

The E, curve has a minimum (the equilibium bond length) at R = 130 pm (s = 2.5)

corresponding to £, — Ejs=—1.22 x 10_3j0 pm_l. Because jo =2.31 x 1027 m, we

E, —E, =-281x10" J(1.76 eV, 170 k) mol ")

Therefore the dissociation energy (neglecting the zero-point vibrational energy) is

170 kJ mol ™.
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12

=
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(E+ - Els}al:)"f"f [
o
o

=
.

0.2

Figure 8.1: The values of E; — E}; calculated in Problem 8.1.

]
.
[=)
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8.4

0.1

0.05 l \

(a—E )afi or(B-SE )afi,
)
=
f

1s
S
=
wn
™,

Figure 8.2: The dependence of the integrals « and £ with distance (s = R/ay).

Exercise: Plot the molecular potential energy curves for He?r and estimate its bond

length and dissociation energy if you find it to be stable. [s — ZR/ao]

ke= (*E/AR?)o = (1/af )(d*E/dx®)y  [x = Rlag)

The 0 indicates the minimum of the curve, which occurs at close to x = 2.5 [Section 8.3,

Fig. 8.12 of the text].

E=Ey +jolxao - (ﬂj [eqn 8.23a]
1+S
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_ (Jo/xag){1 -1+ e+ (Jo/ap)(d+x)e”™"
1+ (1+x+1x%)e™

= Els +jo/xa0

N j_o{l U=+ e+ x)e_x}

x 1+ (1+x+1x%)e™
. 2
ke = (]—Oj % {...} evaluated at x =2.5
=0.061 884j/ aé’ [mathematical software second derivative evaluator]
The vibrational frequency is therefore
1/2 2 1/2
(2kf j (0.061 884¢ J
= il e ——
my, 2ne mya,

~ [2x0.061884]?2

4
m mya,

0.351814

/2 2
(memH) aO

1/2
] la, = 4ne, i’ Ime’] =
=3.41x10"s" (v=54.3 THz)

8.7  The Hamiltonian for the hydrogen molecule is given in eqn 8.25a and can be written as

H=0,+ 0,+ 0,

where
B0+ 0,0 0= —pw -2l
n, =2

2

The ground-state energy is given by < ¥(1,2) | H | ¥(1,2) > where ¥ is the two-electron

Slater determinant (eqn 7.42a) composed of the spinorbitals

@ (i) = N{A(i) + B(i)}a(i)
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@, (i) = N{A() + B(DIBO

where (see eqn 8.24a) A(i) = ya(i), B()) = ya(i), N= {2(1 + 8} "*,and S= <A | B >.

The Slater-Condon rules appear in eqns 7.44 and 7.45.
(PIHIP) = 2, + ) (0, (D12, (D, (D)

- %z{(rp: (De;(D]2:]0:(1)¢;(2) = (0:(De;(D|2]¢; (Ve (2))]

where the first term (£2y) results because ¥ is normalized and independent of R. The

second term develops as follows since the spin states o and  are normalized:

Z(fps(l)\ﬂi(l)l%(l)) = 2{ey (D12, (Dle, (1))

= 2N2(A(1) + B(LI2,(DIA(L) + B(1)
= 2N {2(A(1)|2, (DIA(1)) + 2(A(1)12,(1)IB(1))} (by symmetry)

1
Tr1

B(1) + B (A(DIB(L)]

1
a

Taq

= an2 e, — o (A0| —[a() — o (ac)

= 4N-E, (1+5)— 4N°(j'+ k') = 2E,.— 2(j'+ k")/(1+ 5

Similarly, the third term develops as follows:

%Z(@%(l)fﬂ,‘-@)mz\w;-(l)w,.-(Z)} = (o, (D@, (2)12,10, (1) 0,(2))

= N*({A(1) + B(DHA(2) + B(2)}I2.[{a(1) + B(1)HA(2) + B(2)})
= N*{{A(DA(2)|2,]A(D)A(2)) + (A(DA(2) |2, |A(1)B(2))

+ (A(DA(2)|2,B(1)A(2)) + (A(1)A(2)In2,IB(1)B(2))
+{(A(1)B(2)12,1A(1)A(2)) + (A(1)B(2)|2,]A(1)B(2))

+ {(A(1)B(2)12,|B(1)A(2)) + (A(1)B(2)|2,IB(1)B(2))

+ (B(1)A(2)In,[A(1)A(2)) + (B(1)A(2)|2,]A(1)B(2))
+(B(1)A(2)I2,B(1)A(2)) + (B(1)A(2)|2,|B(1)B(2))

+ (B(1)B(2)|2,[A(1)A(2)) + (B(1)B(2)|2,]|A(1)B(2))

+ (B(1)B(2)I2,|B(1)A(2)) + (B(1)B(2)|2,|B(1)B(2)}

Recognizing that many of the matrix elements are equal by symmetry, we obtain:
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%Z{w; (Do, (2)|2,]0. (e, (2))

= N*{2(A(1)A(2)I2,]A(1)A(2)) + 8{A(1)A(2)2,|A(1)B(2))
+ 2{A(1)B(2)I2,|A(1)B(2)) + 4(A(1)A(2)[2,|B(1)B(2))}

Using the definitions in eqns 8.28a-d, we obtain

m+4l+j+2k
2(1+5)2

2,]0:(1e;(2)) =2N*{m + 4l + j+ 2k} =

oo

G
1]

We now explore the final term and show that it vanishes:

i

- S0, (Ve 10; (Vs () + o: ey (D0l (Ve ()
The first term on the right is proportional to < a(1) | (1) > and the second term is
proportional to < (1) | a(1) > and since both of these vanish due to orthogonality of
the spin states, the final term is zero. Therefore, upon collecting all terms:

2"+ k") m+4l+j+2k
1+S 2(1+5)°

E = (¥|H|¥) =% + 2E,, —

which is eqn 8.27.

8.10 (a) CO: 16®26**11*36% 'E" [isoelectronic with N3]
Bond order = (8 —2)/2=3 HOMO = 306; LUMO =2=n
(b) NO: ... 1n*3¢%2n*!, 2[T [isoelectronic with 05]
Bond order = (6 —1)/2=2.5 HOMO =2x; LUMO = 4c
where the * superscript indicates an antibonding molecular orbital.
Exercise: Predict the ground configurations of (a) O, (b) O, and (c) O5.

8.13 To construct the symmetry-adapted linear combinations (SALCs) for methane, we

identify the four hydrogen atoms as equivalent atoms in the molecule and proceed to
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form linear combinations of the atomic orbitals that belong to a specific symmetry
species. In the case of a minimal basis set, we consider only 1s orbitals on the hydrogen
atoms, denoting them s,, s, Sc, sp. We then follow the method set out in Example 5.9.
The effect of the operations of the group T4 (the point group for methane, /# = 24) on the

basis set of four hydrogen atomic orbitals is given in the following table:

Operation in Ty SA SB Sc SD

E SA SB Sc SD

C;" (one of 4 C; axes) SA Sc SD SB
C; (one of 4 C; axes) SA SD SB Sc
C;" (second) Sb SB SA Sc

C; (second) Sc SB SD SA
C;" (third) SB SD Sc Sa

C; (third) SD SA Sc SB
Csy' (fourth) Sc SA SB SD

C; (fourth) SB Sc SA SD
C; (one of 3 C; axes) SB SA SD sc
C; (second) Sc Sp SA SB
C; (third) SD Sc SB SA
o4 (one of six planes) SA SB SD Sc
o4 (second) SA SD Sc SB
o4 (third) SA Sc SB SD
o4 (fourth) SD SB Sc Sa
o4 (fifth) Sc SB SA SD
o4 (sixth) SB SA Sc SD
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Sy (one of 3 S4 axes) Sc SD SB SA
S4 (one of 3 Sy axes) Sp Sc SA SB
S, (second) SB Sp SA sc

S4 (second) Sc SA SD SB
S, (third) SD SA SB Sc

S4 (third) SB Sc SD SA

For the irreducible representation of symmetry species A (see the character table), d = 1 and
all y(R) = 1. The first column therefore gives

1/24 (6sa + 6sg+ 6Sc + 6sp) = 1/4 (sp + s+ sc + sp)

and all three other columns gives the same result. For the irreducible representation of
symmetry species T, (see the character table), d = 3 and the characters are (3, 0, —1, 1, —1).
The first column therefore gives

3/24 (3sA+0—sg—sc —Sp +tSa+Sa+SaTSp tsctSg—Sc —Sp —Sg —Sc—Sp —SB) =
3/24 (6sa — 2sg— 25c — 28p).

The second column gives

3/24(3SB+O—SA—SD —Sc tsgt+sptsctsg +Sg+SA—Sp —Sc —Sp— SA —SA—Sc) =
3/24 (6SB - 2SA— 2SC - 2SD).

The third column gives

3/24 3sc+0—sp—sy —sg tsptsctsg+sc +tsa+Sc—Sg —SaA —SA—Sp —SB—Sp) =
3/24 (6sc — 2sp— 25 — 28p).

The fourth column gives

3/24(3SD+0—S(;—SB —SA tSctsgtsSptsSa +Sp+Sp—Sa —SB —Sc— SB —Sc—SA) =
3/24 (6SD - 2SA— 2SB - 2Sc).

The four linear combinations are not linearly independent (the sum of all four is zero) but we
can form three linear independent combinations using

(result from columns 1 + 2),

(result from columns 2 + 3),

(result from columns 3 + 4).
We therefore have the following SALCs, indicating also the atomic orbitals on the carbon
atom (2s, 2px, 2p,, 2p:) that have the correct symmetry to form molecular orbitals with the
SALCs:

A1: SALC =s4 + sg+ sc + sp; can overlap with C 2s
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8.16

T,. SALCS = (i) so + s — Sc — Sp, (ii) Sg + Sc— Sa — Sp, (iil) Sc + Sp— SA — Sg;
Each can overlap with carbon 2p,, 2p,, 2p..
Note that we can show that for all other irreducible representations (that is, A,, E, Ty),

no columns survive.

In the allyl radical, each carbon atom contributes one p-orbital and one p-electron to the
n-electron framework. We follow the procedure of Example 8.4; the secular equation to

solve is

This expands to
(a—Ey -2p*a-E)=0
or
(a=B)(a-E)y -25°1=0
which has the following three roots:
E=a E=a+\28 E=a-28

For the allyl radical, two electrons are in the lowest energy molecular orbital (of energy
a+ 2 f) and one electron is in the molecular orbital of energy . The total n-electron

energy using the Hiickel approximation is therefore

2(a+ \/5,[)’) +a= 30(+2\/§,3

C08 p. 18



Exercise: Estimate the delocalization energy for the allyl radical. Comment on its
predicted stability.
8.19 The basis pi, p2, P3, P4 = PN, Ps, Ps transforms as follows in Cy, (write the C; axis cutting

through p; and pn):

p1 p2 ps3 PN ps Ps V4
E p1 p2 ps pN D5 Ps 6
G —pi —Ps —ps —pN —Pps —2 -2
oy —Pp1 —Pp2 —Pp3 —PnN —Pps —Pe -6
Oy p1 P6 ps pN p3 P2 2

The characters 6, -2, —6, 2 span 2A, + 4B,. The unnormalized symmetry-adapted linear

combinations are

T(A2) =pap2=p2—DPs; (P2 —Pe)/ 2 when normalized
T(A2) =paps =ps—Pps;  (p3—Dps)/ 12 when normalized
m(B1) =ps,p1 =p1;

B)=psp2=p2+ps; (P2+ pe)/N2 when normalized
n(B1)=ppps=ps+ps; (p3+ ps)/\2 when normalized

n(B1) =pB,pxn = PN
The A, determinant in the Hiickel approximation involves the matrix elements

7 (P2 — pelHIp2— pe) = % (p3 — ps|H|ps — ps) = ac =a

3(p2 — pslHIp3 — ps)= 3 {(Pa2lHIp3) + (pe|HIps) — (pelHIps) — (palH|ps)}
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= L 1p+B-0-01=5
The A, secular determinant is therefore

a-E

B o E = (a—E)2 - ﬂ2 =0; consequently E=axf

The B; determinant involves

(p1lHlp1) = &

(P2 + pelHIp2 + pes) = = 5 (ps + ps|H|ps + ps)
(pnIHIpN) = on = a+ 5 8

(pilHIp2 + peyN2 = (B+ HN2 = SN2

(p1|HJall others) = 0
L(pa+ pelHIps + ps) = L (B+ B =
(p2 + pelHIpx)N2 = 0

(p3 + ps|HIpn)N2 = fexV2 = SN2

The determinant itself is therefore

a-E pN2 0 0
N2 a-E B 0
0 f  a-E B2
0 0 A2 a+lp-E

=(a-Ey(a+ 1B —E)-2(a-EVf - (a-EXa+ 3 -E)f
—2f(a—ENa+1p -E)+45'=0
Write (a — E)/ = x; then solve
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P+ b -2 —xx+ D) —2x(x+ 1) +4=0

or

4

Xt Ly —SxZ—%x +4=0

1

2

The roots of this equation (determined numerically) are
x=0.8410, 1.9337, -1.1672, -2.1074

so, in this approximation, the energies of the B orbitals lie at

E=a-1.93376 a—0.84108, a+ 1.16724, a+2.10745

The m-electron energy is therefore

E;=2(a+2.1074p) + 2(a+ p) + 2(a+ 1.1672p) = 6 + 8.54923
The delocalization energy is
Edeloc = 6ac + 8.5492 — {Sac+ anx + 64} = 2.0492p
Exercise: Find the Hiickel molecular orbitals energies of pyrazine using the same set of
approximations.

8.22 The Clebsch-Gordan series for (! = 3) is
3x3=6+5+---4+0

so f© > I,H, G, F, D, P, S. As the orbitals are equivalent, I must be Bl [Pauli principle],

and so the permitted terms for the free ion are

'1,°H,'G,°F, 'D,’P. 'S
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[either note that terms alternate in general, or else evaluate the symmetrized and anti-
symmetrized direct products].
For the second part, use eqn 5.47b:

sin[(L + %)a]

inl
s1n2a

HCo) =

with & = 0(E), 21/3(C3), (Cs), 1/2(Cs), ©(C;). Draw up the following Table:

E G (6 Cy Ch Decomposition
13 1 1 -1 1 A+ A +E+T+2T,
11 -1 -1 1 -1 E+2T+ T,

9 0 1 1 1 Al+E+T+ T,

7 1 -1 -1 -1 A+ T+ T,

5 -1 1 -1 1 E+ T,

3 0 -1 1 -1 T

1 1 1 1 1 Ay

For the decompositions use

ar=1/h) Y g ") x(c) [eqn5.23]

= (124) {#"(E) 1E) + 8 (C3)1(C3) + 34N C) 1 C2)
+6CHACH) + 67(Co)x(C)}

in conjuction with the O character table. The multiplicities carry over. Therefore:

T - 'A, +'A,+ 'E+ T, +2'T,
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*H— *E+2°T, +°T,

'Go A +'E+ T +'T,

F - A, +°T, +°T,

'D—> 'E+ T,

P T,

'S 5 A

Exercise: What terms does a g* configuration give rise to (a) in a free atom, (b) an
octahedral complex?
8.25 Once again, it is helpful to have a model of the tetrahedral system labelled with the

orbitals. Use the same cube as in Problem 8.24, but labelled as in Fig. 8.11.
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Figure 8.11: A representation of the s-orbital basis in a tetrahedral complex.
The s-orbital linear combinations can be constructed as follows. Consider s;; under the

operations of the group (Fig. 8.12) it transforms as follows:

S‘a

Figure 8.12: The operations of the group 7.

R E (oA oA N SN oA N O N O N O LN O NN O~ SN G- 031

R81 S1 S3 S> S1 S3 S4 S4 S1 S2 S3 S4 S2
R a b c d e f a b c —a -b —c
oy oy oy oy oy oy Sy Sy Sy Sy Sy Sy
RS1 S1 S> S4 S1 S1 S3 S4 S3 S3 S2 S2 S4

Application of the projection operators to s; then leads to:

pAlsl = (1/24){51 +S3+Sy+---+S3+8S+ S4}
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= (1/4){s1 + s2 + 83+ 84}
pr,s1=(1/4){381 — 83 — 83 — 84}
pr,s2=(1/4){3s; —s3 —s4 —s1}  [by symmetry]
pr,83 = (1/4){3s3 — 84 — 81 — 82}

pT2S4 = (1/4){354 —S1—S2 — S3}

Ignoring normalization, we take the following linear combinations (chosen, Fig. 8.13,

so as to have the symmetries of py, p,, p-):

P1,S1 T Pr,S2 =S+ 5, =853 =84
Pr,S2+ Pr,S3 =8, 483 =54 =51 1Ty

Pr,S1t Pr,S3 =8 +83 =8, =8,

Figure 8.13: The symmetry-adapted linear combinations of s-orbitals of T, symmetry.

The p-orbital basis (Fig. 8.14) transforms under the operations of the group (7) as

illustrated by the following behaviour of p;:
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Figure 8.14: The p-orbital basis in a tetrahedral molecule.

R E ¢ o ¢ o G G oGooGloaoo G
Rpi  pi -5 P, p, py Py Py P P P3 —ps P2
R 54 o oy c! o° o] @S¢ S Sy S¢St 8
Rpi  —p, p) -5 P P D3 —ps Py Py P2 Py D;

Since we have taken the p-orbital basis, which spans A + E + 2T, there will be A; + T,

components (corresponding to the s-basis, as in the first part of the Problem) as well as
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E + T, + T, components. We shall construct only the E p-orbital combinations. The

projection operator gives

PEp1 = (2/24){2p1 +p; —p, —P; —P5 + Py +P; +P; —P5 +2p3 — 2psa — 2p2}

The remaining pgp; may be constructed similarly.
Exercise: Find the remaining E, T}, and T, symmetry-adapted combinations.

8.28 The plots corresponding to Fig. 8.43 of the text but with (a) y= z, (b) y= 21 are shown
in Fig. 8.16. The allowed solutions lie within the tinted band. Evaluate the function for

a range of values of , 0 < y< 1.

10
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g 8
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2
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=
=

]
b
\"i"
i

D

g —

R
K
|

D

L
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[
=1
[
[

Figure 8.16: The determination of the bands of allowed energies for = and y=2m.
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Chapter 9

The calculation of electronic structure

All the following material © P.W. Atkins and R.S. Friedman.

Exercises

9.1 =y (W, (D). (N,)

H# =Y hy O 2)...p (N,)

= (i + o+ + hy) (w, Dy, (2)...p 2 (N,))

= [y, Oy, (2)...w ! (N)+y, DAy, ()]...w! (N,)
+ 4y, Dy, 2)...[hy W (N,)]

= Ey, (D, (2)..w (N)+Ew, Dy, (2)...y (N,)
o+ By Dy (). w2 (N,)

_ (BB -+ B W

Eigenvalue = E. + Ej +---+ E’

Exercise: Confirm that det\l/fg (l)l//l(,) 2).. .z//f (N,)| is an eigenfunction of H® and

determine its corresponding eigenvalue.

9.2 P=(6) " detly (vl Qi 3)
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e vl wi)
=) ") vl wi2)
v vl vi3)

v Dy, Qw2 (3)
e Q! G (D)
Dy Qs (3)
Wiy (3)
v QB ()
L Oy Qi (3)

= (6) " =(6)"?x0=0

Exercise: Write the HF ground-state wavefunction ¥, for the He ion and give
examples of singly excited, doubly excited, and triply excited Slater determinants.

9.3 In the first brief illustration in Section 9.3, the Roothaan equations are presented in
matrix form and one line of the resulting expansion is given. The remaining three lines
of the expansion are

Fpncao + FapCoor = €:5aACac' T €65ABCBo
Fgacac + Fpplps = €5'SaCac + €5'SBBCBo

FgaCpo' + Feplre = €5'SpaCac' + €5'SBBCBo’

9.4 Proceed as in the brief illustration development for Fap.

Fan = han + Pan {(AAIAA) — 2(AAIAA)} + Pas {(AAIAB) — 2(AA|BA)}
+ Poa {(ABJAA) — 2(AB|AA)} + Py, { (ABIAB) — L(AB|BA)}
= has+ Paa [3(AAIAA) + 2(ABIAB)} + Py {2(AAIAB) + 1(ABAA)}

Foa = hga+ Pan{(BAIAA) — J(BAIAA)} + Pag {(BAIAB) — 1(BAIBA)}

+ Pga {(BBIAA) — 2(BB|AA)} + Py, { (BBIAB) — 1(BB|BA)}
= hga + Paa{(BA|AA)} + Pp{(BB|AA)}
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Fag = hgg + Pan {(BAlBA) - %(BAlAB)} + Py {(BAlBB) - %(BAlBB)}

+ Py, {(BBlBA) - %(BBlAB)} + Pyp {(BBlBB) - %(BBIBB)}
= hgg + Pay {%(BAIBA) + %(BBlBB)} + Py {%(BAlBB) + %(BBlBA)}

9.5 An Al atom has 13 electrons, so the normalization factor

9.6

9.7

N=(131)"*=1267...x107

A restricted HF wave function is

N det|y s Oy Qw5 Qi ws, Gwh, Ows, (1)

wh ®Ws, Ol (10w (w25, (13)
An unrestricted HF wavefunction is

N detlyis (vl Qs Qi (Aws,  Sws, (s, (7)

wh @5, Ol (10wl 2ys, (13)

Exercise: Give an example of a restricted and an unrestricted Hartree—Fock
wavefunction for a sodium atom. Show that the RHF wavefunction is an eigenfunction
of $* and evaluate its eigenvalue.

A calculation using 20 (spatial) basis functions yields 40 different Hartree—Fock SCF
spinorbitals. As a chlorine atom has 17 electrons, there will be 17 occupied and 23
virtual orbitals.

Exercise: In a Hartree—Fock SCF calculation on the chloride ion CI” using 25 (spatial)
basis functions, how many virtual orbitals are determined?

An f-type Gaussian orbital is one for which i +;j + k£ = 3 for the integers (i, j, k) of eqn
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9.8

9.9

9.10

9.20. There are therefore 10 f-type Gaussian orbitals with possibilities (0,0,3), (0,3,0),
(3,0,0), (2,1,0), (2,0,1), (0,2,1), (1,2,0), (1,0,2), (0,1,2), (1,1,1).

Using the notation of eqn (9.17) for the two-electron integral for the basis functions, we

have
1
(AA|BB) = jofA*(l)A*(Z)r—B(l)B(Z) dr,dt,
12

With an s-type Gaussian orbital of the form
2
g(ry) = Ne™%ai
for electron i on atomic nucleus A and a similar expression for atomic nucleus B, we

then have

1
(AA|BB) = joN"fe“"rfgle“’”f’?2 — e Thi AT, dr,drt,
T12

(a) For NH3:

A minimal basis set uses one basis function to represent each hydrogen 1s-

orbital, and one basis function each for the nitrogen 1s, 2s, 2p., 2p,, 2p.. The total
number of basis functions is 8.

(b) For CH;5Cl:

A minimal basis set uses one basis function to represent each hydrogen 1s-orbital, one
basis function for carbon 1s, one basis function for carbon 2s, three basis functions for
the three carbon 2p-orbitals, one basis function for chlorine 1s, one basis function for
chlorine 2s, three basis functions for chlorine 2p, one basis function for chlorine 3s, and

three basis functions for chlorine 3p. The total number of basis functions is 3 x 1 + 5 +

9=17.

(a) A split-valence basis set uses two basis functions for each valence atomic orbital

and one basis function for each inner-shell atomic orbital. Therefore the total number of
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basis functions is 6 (for the three H 1s) + 1 (for the N 1s) + 2 (for the N 2s) + 6 (for the
three N 2p) = 15.

(b) A double-zeta (DZ) basis set replaces each basis set function in the minimal basis
set by two basis function. Therefore, 8 (see Exercise 9.9a) is replaced by 16. In
addition, for a DZP basis set, a set of three 2p-functions is added to each H atom
(giving 9 more basis functions) and a set of six 3d-functions is added to the N atom.

Therefore the total number of DZP basis set functions is 16 + 9 + 6 = 31.

9.11 Ethanol has two carbon, six hydrogen and one oxygen atom. We draw up the following
tables showing the number of primitives comprising each contracted Gaussian function

and the atomic orbital being represented.

(i) 6-31G
Number of primitives comprising contracted Atomic orbital
Gaussian function

3 Hls
1 Hls
6 Cls
3 C2s
1 C2s

3x3 3C2p

3x1 3C2p
6 Ols
3 02s
1 02s

3x3 302p
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3x1 302p

The total number of basis functions (contracted Gaussians) is

6(l+D)+2(1+1+1+3+3)+1(1+1+1+3+3)=39

The total number of primitives is

6(3+1)+2(6+3+1+3x3+3x1)+1(6+3+1+3x3+3x1)=90

(i) 6-31G*
To the 6-31G basis, we add six d-type polarization functions to each of the three

non-hydrogen atoms.

Total number of basis functions=39+3 x 6 =57

Total number of primitives =90+3x6=108

(iii) 6-31G**
To the 6-31G* basis, we add three p-type polarization functions to each of the six

hydrogen atoms.

Total number of basis functions=57 + 6 x 3 =75

Total number of primitives =108+ 6x3=126

Exercise: Repeat the determination of the number of basis set functions in electronic
structure calculations on 1,4-dibromobenzene, CsH,Br».

9.12 In a 6-31G** calculation on ethanol, we see from Problem 9.11 that there are 75 basis
set functions. In addition, there are Ne=6 x 1 +2 x 6 + 1 x 8 = 26 electrons. The total

number of different Slater determinants is therefore
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9.13

9.14

9.15

9.16

N 26 ) 26112241

[§

2MY (150 |
( J{ J—i:9.406...x1028

Exercise: Determine the total number of different Slater determinants that can be
formed in a 6-31G** calculation on 1,4-dibromobenzene, CsH4Br».

Slater determinants (a), (b), (d), and (e) can all contribute to a wavefunction of >S
symmetry. Determinant (c) is of P symmetry and determinant (f) is of *S symmetry.
Exercise: Give examples of Slater determinants that can contribute to the ground-state
wavefunction of magnesium. Be sure to include determinants that use 3p- and 3d-
orbitals.

Slater determinants (a), (d), and (€) can contribute. Determinants (b) and (c) are of T

symmetry and (f) is of gerade symmetry.
Exercise: Give examples of Slater determinants that can contribute to the 32; ground-

state wavefunction of molecular oxygen. Include determinants that involve 3p- and 3d-
orbitals.

The unwritten integrals arise from expansion of the integrand (the brief illustration in
Section 9.9) [A(1) — B(1)][A(2) — B(2)]1/r12) [A(1) + B(1)][A(2) + B(2)] and therefore
the complete set of two-electron integrals is
(AAJAA) + (AAJAB) + (AA|BA) + (AA|BB) — (AB|BA) — (AB|AA) — (AB|AB) —
(AB|BB) - (BA|BA) — (BA|AB) — (BA|AA) — (BA|BB) + (BB|AA) + (BB|AB) +
(BB|BA) + (BB|BB).

In the brief illustration in Section 9.9, we showed that when MP2 is applied to
molecular hydrogen in the minimal basis of two H1s orbitals, the (second-order)
estimate of the correlation energy is

@ _ _ {(AAJAA) — (AB|AB)}?
* 7 4{E(1o,l0,) — E(10,10,)}
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If we define Q and AF as in the brief illustration in Section 9.10, we can write the

above as

(22

@ _
Eo" = AE

It should also be noted that in MPPT as discussed in Section 9.9, the HF energy is the
sum of the zero-order energy and first order correction. As a result,

ES = E— (B +E") = E— By
In the coupled-cluster CCD method (see eqn 9.33),

E - EHF = (lluolHC2|11U0> = <11/0|H|l}/16u10'u>t — Qt

loglog
The equation for 7 is
Qt?—AEt—Q =0

with roots of

AE + /(AE)? + 4Q2 AEiAE\/1+4(Q/AE)2
T 2Q - 2Q
If Q << AE, we can use the approximation (1 + x)"? =1+ x/2 which yields, taking the
negative choice of the plus/minus,
202
AE — AE (1 + W> 0

b= 20 -~ TAE

and therefore
E — Eyr = Qt = —Q*/AE
This matches the result from MP2.

9.17 Equation 7.65 gives the expression for the ‘one-point’ electron density:
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p() =2 ) iy NP (™)

m
If we use the molecular orbital w + wg for y,,, then the density is given by

p(r) = 2{ya () + P(r)Hs(r) + Yp(r)}
= 2{[Ya™I? + [Ys(@)|? + PAPp() + Ya(@Pp(r)}

If the basis set functions are real, this becomes

p() = 2(PE() + Y () + 292 (MY}
9.18 To compute the Hessian matrix, we need the second derivatives of the function.

f = sinax cos by

d
Fi a cos ax cos by
62
a—szc= —a? sin ax cos by
f O
o0y ab cos ax sin by = 3yox
of _ s b
3y = sin ax sin by
62
a_yjz”= —b? sin ax cos by

Therefore, the Hessian matrix is

(—az sinax cosby —ab cosax sinby )
H = . 2 .
—ab cosaxsinby —b* sinax cos by

9.19 (a) MPPT and CC are not variational so (iv), (v) and (vi) can yield energies below

the exact ground-state energy.
(b) Of the methods discussed in Chapter 9, full CI, MPPT, and CC are size-

consistent. Therefore, (i), (iii), and (vii) are not assured of being size-consistent.
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Exercise: Discuss which of the two features, being variational or being size-

consistent, is a more important characteristic of an electronic structure calculation.

9.20 A p-type GTO is given by

— 2
g100 = Nxe™ "

% _ Ne“"—2aNx’e ™"
ox

= Zooo ~ 20200

Exercise: Consider a general Cartesian Gaussian gj;. Find expressions for both the first
and second derivatives of g;; with respect to x in terms of other Gaussian functions.
9.21 In the ZDO approximation, all two-electron integrals (ab|cd) vanish except those for
which a = c and b = d. Therefore, the following integrals that appear in the solution of
Exercise 9.4 vanish in the ZDO approximation:
(AABB) = (AAJAB) = (AB|AA) = (BAJAA) = (BB|AA) = (BA|BB) = (BBIBA) =0
9.22 We begin with equation 9.58¢ and specifically consider a cis conformation of the
quartet of atoms, for which the convention is the dihedral angle 7= 0. For small

torsional displacements @, cos(—¢) = cos ¢ = 1 — ¢*/2. Therefore,

Eor = Z A[1 + cos(nt — )] = z A[1 + cos(—¢)] = Z A[1 + cos(p)]
= ZA[1+1—%¢2] = ZZA—Z%A@Z

The presence of the term of the form Y A¢” indicates harmonic oscillation.

Problems

9.1 We write the single Slater determinant as

N det |g(1)p(2) . . . g(No)|
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and show that N = (Ne!)_l/2 is the normalization factor.

When we expand the Slater determinant, we get

a0 40 .. a0
2 2 2
N ¢“f) ¢bf) ¢Z(:) =NY &,Pg,()4,(2)...4.(N,)

¢.(N.) 4(N) ... ¢.(N.)

where P allows for all permutations of electrons among the spinorbitals and &p is either
+1 or —1, depending on whether the number of electron interchanges is even or odd.

We require a normalized Slater determinant, so
1= [IN] [;sp% (1)¢b(2>...¢z(Ne>T
x [gepwaa)@@)...¢Z(Ne)}dr
- |sz[§ePP¢:<<l>¢;‘(2)...¢Z*(Ne )}
x [gepwa(l)@(z)...¢Z(Ne)}dr

Each permutation operator P will give rise to a sum of N, ! products of spinorbitals.
However, because the spinorbitals are orthonormal, we only have contributions to the
integral when the permutation arising from [Zp gpP@,(1)@,(2) . . . ¢.(Ne)]* is exactly the
same permutation that arises from [Zp &pP@,(1)(2) . . . ¢.(N.)]. Therefore, there are
N.! contributions to the integral. In addition, because the spinorbitals are normalized,

each of the N.! contributions is exactly 1. (Note that &5 = 1.) For example, one of the

N.! contributions is

C09 p. 11



Atkins & Friedman: Molecular Quantum Mechanics 5e

[ (D). 65 (N4, (1)4,(2)... 4.(N )dr
= [gx()g,()dz, [ §7(2)4,(2)dr, ... [ g* (N )g.(N)d,
=lxIlx--x1=1
Thus,
1= [NJ* x N!

Choosing N as positive and real, we have

Exercise: Show that the HF wavefunction % and a singly excited Slater determinant
are orthonormal.

9.4 In a (4s)/[2s] contraction scheme, the most diffuse s-type primitive is left uncontracted.
Therefore, the s-type Gaussian with exponent = 0.123 317 is a single basis function.
The remaining three primitives are used to form a single contracted Gaussian basis

function of the form

0.47449 g (o = 0.453757) +
7= N10.13424 g (o = 2.01330) +
0.019 06 g ( = 13.3615)

where N is a constant so that y is properly normalized.
Exercise: Determine the constant N such that the contracted basis function y is

normalized.

9.7 We need to show that

C09 p. 12



Atkins & Friedman: Molecular Quantum Mechanics 5e

(D [H| D)) =0
where @ is the HF ground-state wavefunction
= (N2 det iy .. duty .. By |
and @ is a singly excited determinant
@’ =(N) " det |hdhy. .. dothy . .. by,

Using the Slater—Condon rule for two Slater determinants differing by only one

spinorbital (see Problem 9.8), we have

(Dy H| D7) = (1) |1] §(1)) + Z{[¢a¢%][¢p¢%]—[¢a¢%][¢,¢p]}

We now show that (¢,(1)|f1|#,(1)) and (@o|H|P”) are equal, and we subsequently show

that (g(1)[fi|#(1)) = 0.

Nids(1) = &4(1)  [eqn 7.89]
=hig(1) + Z {J,()-K,()}¢,(1) [eqn 7.88b]

= (1) + Z{ | @*(2)(}{4} ¢i(2)dx2}¢p Q)
i 12

- Z{J | 2y, (2)dx2}¢i(1>
i 12

Multiplication by ¢*(1) and integration over X; yields

(BuDIfi1 (1)) = (du( D) 1| $(1)) + Z{[¢a¢2|¢p€4]—[¢a¢%|¢%¢p]}
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where we have used the notation of Further information 7.1 and Problem 9.8. We

therefore have shown

(DolH| D) = (a(Dfi| (1))

In addition since

Sig(1) = &,8,(1)

we see that

(@D (1)) = (@D 5| (1))
= &(du(D)I (1))

=0

because the spinorbitals are orthogonal. Therefore

(D |H| D7) =0

as was to be proved.
Exercise: Show that hamiltonian matrix elements between @ and triply excited
determinants are identically zero.

9.10 (a) The ground-state electron configuration of the diatomic molecule C; is (Section 8.6)
lczlcﬁ 262 2621}

where 1o, and 1o, arise from carbon Is atomic orbitals and 26,, 20, and 1n, arise
from valence shell atomic orbitals. (In Chapter 8, only valence electrons are considered

and the numbering of the molecular orbitals is different.)

C09 p. 14
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9.13

Inactive orbitals: 1o, and 1o,

Active orbitals: 20,, 20y, 1m,, 36,4, 30y, and 17,
Virtual orbitals: 46, 40, . . . arising from n =3, . . . atomic orbitals
(b) There are 4 inactive electrons (in inactive orbitals) and 8 active electrons (in

active orbitals).

(©) In a restricted active-space (RAS) SCF calculation, the set of active orbitals is
further divided into orbital subsets I, II, and III. Subset I could consist of the 26, and
20, orbitals, with a minimum of two electrons in the subset. Subset II could consist of
the Im,, 30, and 1mg orbitals. Subset III could consist of the 3o, orbital with a
maximum of two electrons. The total number of electrons in the three subsets is held
fixed at 8.

Exercise: With the above distribution of ¢ and © molecular orbitals into active,

inactive, and virtual orbitals, what is the number of Slater determinants that would be

used in the CASSCF calculation?

In the meta-generalized gradient approximation of DFT,
hZ
= VUi (1) - Vb
1) = 5 ) W) V()
L

where the sum is over occupied orbitals. That such an expression represents a kinetic

energy density follows from its integration by parts (Ju dv = uv — [v du):

C09 p. 15
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f T(r)dr =

2m

hz [wi@) - v ar

2

z {wz MV, (r) — f zp;*(r)vzlpi(r)dr}

- 2m,

2?;62]¢;(T)V2¢i(r)dr

where we have used the fact that w vanishes at the boundaries so the first term in the

middle line above vanishes when evaluated at the limits of integration.

9.16 For this problem and the next three problems in this chapter, all electronic structure
computations were performed using the software package GAMESS. All ground-state
energies are reported in hartrees and all internuclear distances in dngstroms (1 angstrom
=10"" m).

(a) H2 RHF/6-31G: energy = —1.1268 bond length = 0.7299

F, RHF/6-31G: energy = —198.6461 bond length = 1.4125
(b) H, RHF/6-31G**: energy =—1.1313  bond length = 0.7326

F, RHF/6-31G**: energy =—198.6778 bond length = 1.3449
Exercise: Use electronic structure software to compute the energies of the separated
atom limits (H + H and F + F) and, using these values and the above results, calculate
the bond dissociation energies of H, and F,. Compare the computed dissociation

energies and equilibrium bond distances to the experimental values.

9.19 Electronic structure computations were performed using the software package
GAMESS. All enthalpies of formation are reported in kcal mol™ (1 kcal = 4.184 kJ)
and all equilibrium bond lengths are in angstréms (1 dngstrém = 107'" m).

(a)(i) ethanol: AM1

C09 p. 16
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(a)(ii)

(b)(¥)

(b)(ii)

C—C distance = 1.5116

C—O distance = 1.4195

O-H distance = 0.9637

(methyl group) C—H distances = 1.1161, 1.1161, 1.1153
(methylene group) C—H distances = 1.1237, 1.1237
Enthalpy of formation = —62.6632

ethanol: PM3

C—C distance = 1.5179

C—O distance = 1.4095

O-H distance = 0.9472

(methyl group) C—H distances = 1.0978, 1.0979, 1.0971
(methylene group) C—H distances = 1.1080, 1.1079
Ethalpy of formation = —56.8549
1,4-dichlorobenzene: AM1

C—C distance = 1.3899

C—Cl distance = 3.0890

C—H distance =2.5011

Enthalpy of formation = 7.9737
1,4-dichlorobenzene: PM3

C—C distance = 1.3799

C—Cl distance = 3.0648

C—H distance = 2.4938

Enthalpy of formation = 10.1113

C09 p. 17
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Exercise: Compare the computed enthalpies of formation and equilibrium bond

distances to the experimental values.

C09 p.18
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Chapter 10
Molecular rotations and vibrations

All the following material © P.W. Atkins and R.S. Friedman.

Exercises

10.1 The rates of stimulated and spontaneous emission are given by eqns 6.87 and 6.90:

stim __ spont __
WeSi" = Bap W, = Ag

where p is the energy density of radiation states and is given by the Planck distribution.

Therefore, the ratio of the rates is (using eqn 6.92b and noting that By = Bif):

stim
WiS"  Bap 1
T = =
I/Vf(s_pion Aﬁ ehv/kT _ 1

where v is the transition frequency. In terms of the transition wavelength, the ratio is

stim

fei 1
V[/f(s;r;ont "~ ehc/ART _ 1
and at 298 K,

a) for A =0.10 nm: ratio = 1/(e**°° 1
(@

b) for A =10 nm: ratio = 1/(e**° -1

(

(c) for A= 6000 nm: ratio = 1/(¢***° - 1)
10.2 Begin with eqn 10.7:

u(t) = 2a(t)E, cos wt

If the polarizability of the molecule a changes between omin and omax at a frequency wincas a

result of its rotation or vibration, we can write
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a(t) = a+ %Aa COS Wiyt
where a is the mean polarizability and Aa = tmax — Omin. Since
cos (4 + B)=cos A cos B—sin 4 sin B
cos (A — B)=cos A cos B+ sin 4 sin B
we note that
cos (o + win)t + cos (v — win)t
= COS W! COS Win! — SIN Wi SIN Wind + COS W COS Wind + SIN W SIN Winit
=2 CcOS W! COS Winit
and therefore
u(t) = 2a(t)E, cos wt
= 2aEy cos wt + Aa Ey cos wj,t cos wt
= 2%, cos wt + 3 Aa Eg[cos (0 + win)t + cos (0 — Win)t]

which is eqn 10.8.

10.3 The centre of mass is where maRa = mgRg, where R4 is the distance from atom A of mass
ma to the centre of mass, R is the distance from atom B of mass mpg to the centre of mass,
and Ra + Rg = R. Therefore maRa = mg(R — Ra) and

Ra=mpR/(ma+ mg) and Rg=R — Ra = maR/(ma + mp)

The moment of inertia is then

I= m\R} + mgR;
2p2 2p2
=mA{mB/(mA+mB)} R +mB{mA/(mA+mB)} R

= {ma mp/(ma + mB)}R2 = ,uRz, L =mp mp/(mp + mp)
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104 (a) 'Hy:

Iy p2 2
1= %m( H)R = % x 1.0078 my x (75.09 pm)

=4.718 x 10°* kg m* [1 m, = 1.660 56 x 107" kg, or use m = me + m,]

(b) *Ha:

I=1mCH)R*=9.429 x 10 * kg m’

(c) 'H*CL:

- { m(' Hym(**Cl)

— : = R>=2.644 x 10" ke m>
m("H)+m(**Cl)

Exercise: Find the moments of inertia of H,O about three perpendicular axes.

10.5 Refer to Fig. 10.1.
I =4mgR’ [only atoms a, b, ¢, d contribute for the axis shown; all axes are equivalent]

Exercise: Repeat the question for an ABs trigonal bipyramid with bond lengths Rax, Req.
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m

Figure 10.1: An octahedral molecule and the calculation of its moment of inertia.

10.6
I= Zm,.x;2 = Zm (xi + R)?
= Zm,.xl.2 + ZRZ m.x, + Rzz m;
=1+0+mR*=1+mR*

because z m;x; = 0 for centre of mass and Z m; =m.

1 1

10.7 The NH3 molecule is a symmetric rotor; its rotational wavenumbers are given by eqn 10.16.
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For each value of J, values of both K and M extend in steps of 1 from —/ to +J.

(J, K, M) F=B/J+1)+(A— B)K?*(cm™)
(0,0.0) 0

(£141), (1, £1.0) 7321
(1,0.£1), (1,0.0) 1.954
(242.22), 222.41), (222.0) 27.330
(241.42). (2E141), (241.0) 11.229
(2,0.£2), (2.0£1), (2.0.0) 5.862
(BA3.23). (3322), (3.£3.£1), (3.£3.0) 60.027
(3.£2.53), 3.42.£2), (3,2,41), (32,0 33.192
(31,43, 31,£2), 321.£1), (3,£1,0) 17.091
(3.0.£3), (3.0.£2), (3.0.£1). (3.0,0) 11.724

10.8 Polar molecules may show a pure rotational microwave absorption spectrum. Therefore,
(¢), (d), and (e).

10.9 The line separation is AE/hc = 2B. Then, as B = h/4ncl,, we have (with I, = uR?)
¥ = AE/hc = h2nel | = h/2ncuR’
Therefore,

R = {h2ncuv}"?

=162pm [r=0.999 86 m, = 1.6603 x 10" kg, AE/hc = 12.8 cm™']

10.10 For “H"L, 1= 1.9826 m,. As ¥ o 1/u the line separation will be 0.5043 x (12.8 cm™") =
6.46 cm”".

Exercise: The bond length of "H*H is 74.136 pm. At what wavenumbers would it absorb

if its rotational transitions were active?

10.11 Rotational Raman transitions obey the selection rule AJ = £2 for linear molecules. From




Atkins & Friedman: Molecular Quantum Mechanics 5e

the discussion in Section 10.5, with ¥, the wavenumber of the incident radiation (that is, the
Rayleigh line), the wavenumbers of the Stokes and anti-Stokes lines relative to and closest to the
Rayleigh line are:

Stokes lines: ¥, — ¥ = —4B (J+3/2) ] =0,1,2

Anti-Stokes lines: V; — ¥, = 4B (J —1/2) ] =2,3,4
Since B = 10.4400 cm™1, the relative wavenumbers are:
—62.64 cm™'

0
1 —104.4 cm™!
2 —146.16 cm

Stokes:

J
J
J

Anti-Stokes: J=0 +62.64 cm’'
J =1 +1044cm
J =2 +146.16 cm™’
10.12 The rotational wavenumbers for a linear rotor, including the effects of centrifugal
distortion, are given by eqn 10.21:
F=BJjJ+1)— DJ*(J + 1)?

The rotational wavenumbers for the states involved in the rotational Raman transitions in

Exercise 10.11 are

<
Il
o
™
Il
o
<
Il
™
Il
)
o
|
NN
()]

J=2 F=6B-36D J=3 F =12B — 144D

The three Stokes lines closest to the Rayleigh line and their wavenumbers are:

J=0—>J=2 ¥, — ¥y =—6B +36D = —62.6256 cm™*
J=1->J=3 ¥, — ¥ = —10B + 140D = —104.344 cm™!
J=2—-J=4 ¥, — Vo = —14B + 364D = —146.0144 cm™

The three anti-Stokes lines closest to the Rayleigh line and their wavenumbers are:
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J=2—-J=0 ¥, — ¥, =6B —36D = +62.6256 cm™*
J=3->J=1 ¥, — ¥, = 108 — 140D = +104.344 cm™?
J=4—-J=2 ¥, — ¥ = 14B — 364D = +146.0144 cm™*

10.13 The lowest rotational level for a diatomic molecule is J = 0 with zero rotational energy (i.e.

10.14

no zero-point energy). However, for molecular hydrogen, as discussed in Section 10.6,
there are two distinct forms: para-hydrogen (even J) and ortho-hydrogen (odd J). The
conversion of ortho to para is very slow so as a sample of H, at room temperature is
cooled, the ortho-hydrogen settles into its lowest rotational state /= 1; even at 7= 0, it
cannot readily convert to para-hydrogen J = 0. Thus, with the J = 1 state having some
population, there is an effective zero-point energy.

Exercise: What can be said about zero-point rotational energy for dioxygen?

The following table lists value of z/m, for the species; to obtain absolute values use m, =
1.660 56 x 107 kg; additional data will be found in Exercises 10.4 and 10.9. [Tables of
nuclide masses are given in the Handbook of the American Institute of Physics, D.E. Gray
(ed.), McGraw-Hill (1972).] Values of k are obtained from k¢ = ,ua)2 = 4752,1102172 [w=27v,

v=cV].

lH2 1H19F 1H35Cl 1H81Br 1H127I

Himy

0.5039 0.9570 0.9796 0.9954 0.9999

k(N m™) 574.9 965.7 516.3 4115 313.8
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10.15 For the effect of replacing 'H by “H, assume that k; remains constant, and so form ¥ =

(1727me) (ke ,u*)l/z, with g7 the reduced mass of the deuterated species. Draw up the

following table:
H'H 2R 213501 8By 2127
L Imy 0.6717 1.8210 1.9044 1.9652 1.9826
V/em™ 3811 3000 2145 1885 1639

Exercise: In three dimensions the motion of the centre of mass separates from the internal
motion, but rotations and vibrations separate only approximately. Demonstrate these

features.

10.16 To show an infrared absorption spectrum, a molecule must have a dipole moment that
varies, at least transiently, with atomic displacements (that is, stretching and bending motions).
Note that a molecule can be nonpolar but still be infrared active if there is at least one vibrational
normal mode that induces, at least temporarily, a dipole moment in the molecule. Homonuclear
diatomic molecules are infrared inactive; heteronuclear diatomic molecules are active. Therefore,
(a), (c), and (d) can show infrared absorption spectra.
10.17 The P-branch line corresponds to a transition from the initial state (v = 0, J = 2) to the
final state (v = 1, J = 1). Since a given vibrational-rotational state (v, J) has an energy
(in cm ') of

E/hc=(w+1/2)V+BJjJ +1)
the photon wavenumber for the transition is

E(1,1)/he — E(0,2)/he
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={(1+1/2) x 41383 + 1(1+1) x 20.9} cm™" — {(0 + 1/2) x 4183.3 + 2(2+1) x 20.9} cm '

=4054.7 cm’’
10.18 The dipole moment of a homonuclear diatomic molecule does not vary with
vibrational motion; the molecule remains nonpolar as the bond length changes. However, the
molecular polarizability does vary with distance. Therefore, a homonuclear diatomic molecule is
infrared inactive but vibrationally Raman active.
10.19 For a linear molecule, there are 3N — 5 normal modes where N is the number of atoms in
the molecule.-For a non-linear molecule, 3N — 6. Molecules (a) and (b) are non-linear; (c) and
(d) are linear.

(a) N=4;3N-6=6

(b) N =12; 3N -6 =30

1

(c) N=6;3N-5
(dN=3;3N-5=4
10.20 The molecule has three normal modes so the ground state has zero quanta in each of the
vibrational modes; that is, (0, 0, 0) is the ground state. Within the harmonic approximation, each
normal mode makes a contribution of (vi + /2)Aiw; to the vibrational energy where v; is the
vibrational quanta in mode i of frequency w;. Therefore, the ground-state energy in wavenumber
units is
Elhe = (0+1/2) x 1595 cm ™' + (0 + 1/2) x 3652 cm ' + (0 + 1/2) x 3756 cm ' =450.1.5 cm”'
10.21 The point group for NHj3 is Csy. (a) Infrared active normal modes must belong to the same
symmetry species as x, y, or z, which are A, (z) and E (x, y). Therefore all modes are infrared
active. (b) Raman active modes must belong to the same symmetry species as one of the

components of the electric polarizability (x?, xy, xz, z°, etc.) Since z* is of A symmetry and (x, y)
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of E symmetry, both normal modes are Raman active.
10.22 The ground vibrational state is (0, 0, 0). Letting 1595, 3652 and 3756 be the vibrational
wavenumber of modes 1, 2 and 3, respectively, we designate an excited state as (v, v2, v3). The
three-lowest frequency overtones correspond to transitions from (0, 0, 0) to the excited states:
(2,0, 0): wavenumber =2 x 1595 cm™' =3190 cm'
(3,0, 0): wavenumber =3 x 1595 cm™ ' = 4785 cm '
(4, 0, 0): wavenumber =4 x 1595 cm™' = 6380 cm '
The three-lowest frequency combination bands correspond to transitions from (0, 0, 0) to the
excited states:
(1, 1, 0): wavenumber = 1595 cm™' + 3652 cm ' = 5247 cm '
(1,0, 1): wavenumber = 1595 cm '+ 3756 cm ' = 5351 cm’

(2, 1, 0): wavenumber =2 x 1595 cm™ ' + 3652 cm ' = 6842 cm '

Problems
10.1 (a) I= jOR rdm(r) = jOR(znprdr)rz [p: density]

= 275,0"? rdr =1npR*

4
TR"'m
_ 1 2
2—2mR

m= Tchp; therefore / =
2nR

(b) The perpendicular distance of the volume element at (r, 6, ¢) is r sin &, therefore

1= J.p(r sin ) sin O dg rdr

5
= p jo"" ridr jo sin’0do joz”d¢ = p(%}[%)@n)
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Therefore,

]:M 2 mR?
(4n/3)R’ >

10.4 F(J, K, Mj) = BJ(J + 1) + (A - B)K* [eqn 10.16]

I = 4mpR’® [Table 10.1]

I, = 2mgR* [Table 10.1]

Therefore

A A

— 2’
= dnely  16mmgeR

A A

g = = 5
dncl)  8mmgeR

and so A = B/2. It follows that
F(J, K, M) =BJJ+ 1)~ BK =B{J¢ +1) —1K?}

Exercise: Establish a similar result for an octahedral AB¢ molecule.

10.7 The wavenumbers of the transitions J + 1 «— J are given in eqn 10.30. To find a maximum,

set the first derivative dv;/dJ = 0:

%, =2B(J+1)—-4D(J +1)*
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dv’—zé 12D(J +1)2 =0

Therefore,
B=6D( +1)?
(J+1)*=5/6D
J = (B/6D)"* -1

Using the date in problem 10.5 for HCI, we find

J = (10.4400/{6 x 0.0004})¥/2 —1 ~ 65

10.10

B('"H”Cl) = n/4ncI('H*Cl)  [I=2.644 x 107" kg m®, Exercise 10.4]
=10.59 cm™

The relative populations are given by

b(J) = (2J + 1) exp{—hcBJ(J + 1)/kT}

=(2J+ 1) exp{=0.050 79 J(J + 1)}  [kT/hc =208.51 cm ™" at 300 K
( p

Draw up the following table (' is discussed below):

J 0 1 2 3 4 5 6 7
b(J) 1.000 2.710 3.687 3.805 3.259 2.397 1.540 0.873
b'(J) 1.000 1.807 2.212 2.175 1.811 1.307 0.829 0.465
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J 8 9 10 11 12 13 14 15
b(J) 0.439 0.197 0.079 0.028 0.009 0.003 0.001 107
() | 0232 0103 0041  0.015  0.005  0.001 107 107

(% b(J) = 20.026, the rotational partition function at 300 K.) (a) If the intensities were
determined solely by the populations they would be proportional to b(J), and the most
intense transition would be 4 < 3. (b) If we take the J-dependence of the transition
moment into account we should use
b'(J)={J+ 1D/Q2J+ D}b(J)=(J+ 1) exp{—0.050 79J (J + 1)},

which gives the entries in the table above. The transition of maximum intensity is 3 <— 2.
Note that we have considered only absorption intensities, not net intensities.
Exercise: Calculate the relative net absorption intensities.

10.13 Only vibrational transitions of DCI are being considered and the lowest four transitions

from the v = 0 state correspond to the transitions:

v=0—->v=1 (E,— Eo)/he =2091 cm™' = EX®/hc
v=0—>v=2 (E,— Eo)/he = 4128 cm™' = E5®Y/he
v=0—>v=3 (Es— Eo)/he = 6111 cm™' = E5®/hc

v=0—>v=4 (Es— Eo)/he = 8043 cm™' = Ef®'/hc
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where EX€!/hc is the energy in wavenumber units of vibrational level v relative to the v = 0 level.
The vibrational energies are given by eqn 10.53 and, as in Example 10.3, we retain the first two

terms. Since we desire energies relative to v = 0, we substract the zero-point energy

1 1 . . .
Ehw - Zhwxe. The relative energies are therefore given by

Erel_< +1)h ( +1)2h (ha) ha)xe)
w=(v+g)ho —(v+35) hore— (= 1

= (hw — hwx,)v — hwxv?
A plot of EZL€'/hc against v is shown in Fig. 10.4; the best quadratic fit is

Ef'/hc = 2117.1v — 26.613v?

10

L

(E ™/he)(10° em™)

2
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(EX®'/hc)/10% cm ™!

Figure 10.4: The plot of relative energies against vibrational quantum number for Problem 10.13

It follows that

hw — hwx, = (2117.1 cm™Y)he = 4.206 X 10729

hwx, = (26.613 cm™1)hc = 5.287 x 10722 ]

and, therefore, @ =4.038 x 10" s and wx.=5.013 x 10?57\,

10.16
V=9 200+ D Vxe +...— By + B)J+ (B —B)F +...[eqn 10.61]
=7 20w+ 1) Vxe +...+ By —B)J+ By —B)F +...[eqn 10.62]

Ry —20+ D Wixe +...+2By + (3B — B))J+ By — B)JF +. .. [eqn 10.63]

v
If x. 1s ignored these equations become

V=9 =—Byy+B)J+ By —B)F+. ..
P— P =By —B)W+ By —B)F +. ..

R =2B,1 + BBy —B) + By —B)P+. ..

Then, with By = 10.4400 cm™' and B; = 10.1366 cm™!

@ —)em™ = -20.5766J — 0.3034.7
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@¥-P)em™ = -0.3034J(J + 1)

@R = ¥)lem™ =20.2732 + 19.9698J — 0.3034./°

The wavenumbers of the branches are plotted in Fig. 10.5.

400
5 R _______‘____...-—-'-"-.‘
= ‘_.-H-__r__.___,_..—-"'
200 .
- _...--"".-.#‘—H—-#
L1 =]
~ - —
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Figure 10.5: The wavenumbers of the P-, Q-, and R-branches calculated in Problem 10.16.

Exercise: Find the location of the lines of the O- and S-branches of the Raman spectrum.

10.19 The energy in wavenumber units of the initial state (v =1, .J = 2) is [see eqn 10.60 with F

= El(hc)]
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Fv=1,J=2)=(1+ 1)4401.2cm™ + (2)2 + 1213 cm™'

=7329.6 cm™
(a) For the Q-branch Stokes line, Av = +1 and AJ = 0 so the final state of the diatomic

molecule is (v =2, J = 2) with an energy

Fv=2,7=2)=(2+ 1)4401.2cm™ + (2)2 + 1213 cm™

=11730.8 cm™
Therefore, while the diatomic molecule gains an energy given by

F(v=2,J=2)-F(v=1,J=2), the scattered radiation /oses that energy and

therefore has a wavenumber of
15 873.0 — (11 730.8 — 7329.6) =11 471.8 cm™"
(b) For the O-branch Stokes line, the final state is (v = 2, J = 0) which has an energy of

Fv=2,7=0)=(2+ 1)4401.2cm™ + (0)(0 + 1)121.3 cm

=11003.0 cm™
Therefore, while the diatomic molecule gains an energy given by

F(v=2,J=0)- F(v=1,J=2), the scattered radiation /oses that energy and

therefore has a wavenumber of

15 873.0 — (11 003.0 — 7329.6) = 12 199.6 cm™'
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(c) For the anti-Stokes line, Av = —1 so the final state of the diatomic molecule is (v=10, J

= 2) with an energy

Fv=0,7=2)=(0+ 1)4401.2cm™ +(2)(2 + 1213 cm™'

=2928.4 cm™’
In this case the diatomic molecule loses an energy given by

F(v=1,J=2)- F(v=0,J=2), and the scattered radiation gains that energy; therefore

the scattered radiation occurs at a wavenumber of
15 873.0 +(7329.6 — 2928.4) =20 274.2 cm’!

If anharmonicity effects are included, the spacing between the v = 1 and v = 2 vibrational
levels will decrease (see eqn 10.60) and as a result the scattered Stokes radiation will lose

less energy and will thus occur at a higher wavenumber than that computed in part (a).

Exercise: How will the wavenumbers computed in parts (a), (b) and (c) change if the

effects of centrifugal distortion are included?
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10.22 Consider the system depicted in Fig. 10.6.

Figure 10.6: The displacement coordinates of a C,, molecule.

Under the operations of the group (C,y) they transform as follows:

qi q2 q3 qa qs dé q7 qs

99
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G

Oy

q1 q2 7 q4 gs 7 q7 qs q9 9
—q4 —qs g6 —q1 42 qs —q7 —qs 99 -1
g4 —qs ge q1 —q2 93 q7 —qs 99 1
—q1 q2 q3 —q4 qs qs —q7 qs q9 3

[The characters, final column, are given by the net number of displacements left

unchanged by the operation.] The representation decomposes as follows [eqn 5.22]:

a(A)=1{9-1+1+3}=3 aA)=1(9-1-1-3}=1

aB)=1{9+1+1-3}=2 aB)=1{9+1-1+3}=3

That is, the basis spans 3A| + A, + 2B; + 3B,. From the C,, character table, translations
span By + B, + A; (for x, y, z respectively) and rotations span B, + By + A, (for R, R, R-
respectively). Consequently the vibrations span 2A, +B,.

(a) Infrared-active transitions are those of the same symmetry species as the electric

dipole moment, which spans By + B, + A; (for g, 14, . respectively). Therefore, all

three modes are infrared active (A is z-polarized, B, y-polarized).

(b) Raman-active transitions are those of the same symmetry species as the polarizability,
which transforms as the quadratic form x2, xy, etc. These span 2A; + A, + B; + B,

[character table], and so all three modes are Raman active.

Exercise: Establish the symmetry species and activities of the vibrations of H,O».
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10.25 The harmonic oscillator wavefunctions are proportional to Hy oc 1, H; oc x for oscillations
in the x-direction and to Hy o« 1, H; oc y for oscillations in the y-direction. Therefore, the
linear combinations Hy(y)H;(x) £ iH,(y)Hy(x) of the singly-excited degenerate states are
proportional to x + iy oc ¢, which are eigenfunctions of L., the angular momentum about
the z-axis, with m; = £1.

Exercise: What can be said about the doubly excited bending modes?
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Chapter 11
Molecular electronic transitions

All the following material © P.W. Atkins and R.S. Friedman.

Exercises
11.1 See the discussion of the Hund coupling cases in Section 11.1.
(1) We focus on which of the quantum numbers for orbital and spin angular momenta
are good quantum numbers. For case (a) £2, A, 2} for case (b) A, S; for case (¢) E, £2;
for case (d) L, S.
(i1) In each case, the degeneracy of a rotational energy level is 2J + 1, where J is the total
angular momentum.

Exercise: Describe mechanisms by which the angular momenta are decoupled.

11.2 Refer as needed to the discussion in Section 8.6. (i) A single electron (spin-1/2) gives rise to
a doublet term. (ii) Since a d-orbital pertains to | = 2, the overlap of two d-orbitals, using the
Clebsch-Gordan series (eqn 4.42), gives rise to terms with values of the orbital angular momenta
of 0, 1, 2, 3, and 4, pertaining to X, II, A, @, and I" terms, respectively. (iii) The X term requires a
label to describe its behaviour under reflection in a plane containing the internuclear axis. The
molecular orbital constructed from face-to-face overlap of d,y orbitals has the character of —1
under this operation so the term is 2 . (iv) For the parity classification of the terms, the
molecular orbital does not change upon inversion through the center of the diatomic molecule so

it has gerade symmetry.
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The following terms therefore arise: ZEg_ , 2l'lg, 2Ag, ZCDg, ZFg

11.3 Refer to the specification of the selection rules in Section 11.3.
(a) 1 — T allowed by AA=0
(b) '£ > 'S allowed by A4 =0
(c) £ — Aforbidden (A4 =+2 not allowed)
(d) =" — 2~ forbidden by =" «» ¥~
(e) " —> X" allowed by AA=0and T <> X"
() '=; > '= allowed by AA=0,2" > =", and g > u
(9) *=; — %, forbidden by =~ «» =
Exercise: Which of *TT — *Z, °TI, — *X7, and A, — 'T1, are allowed?
11.4 When a diatomic molecule with S = 3/2 dissociates, the two atoms that form may have
spins S; and S, respectively, such that the Clebsch-Gordan series (eqn 4.42) for the
resultant of S; and S, contains S = 3/2. For example, (S; =2, S, = 1/2) results in S = 5/2,

3/2 so this combination of spins is allowed. The spin states, (S;, S;), of the atoms that

may form are

(0, 3/2), (3/2, 0), (1/2, 1), (1, 1/2), (1/2, 2), (2, 1/2), (1, 3/2), (3/2, 1) and so on.

11.5 A @ state pertains to /A = 3. Therefore, the two atoms that form when the diatomic
molecule dissociates may have may have orbital angular momenta L; and L,,

respectively, such that the Clebsch-Gordan series (eqn 4.42) for the resultant of L; and L,
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contains a value of 3. For example, the atomic terms (F, D) pertain to L; =3 and L, =2
with resultant values of 5, 4, 3, 2, 1, 0; therefore, since a value of 3 is possible, the atomic
terms (F, D) are possible. The list of possible terms includes

(F, S), (S, F), (D, P), (P, D), (D, D), (F, D), (D, F) and so on.

11.6 Dissocation of O3 produces O + O". (i) The *T1, state has a spin multiplicity of (2S + 1) =
4; that is, S = 3/2. Therefore, if S; is the total spin for the O atom (an integer since the
atom has an even number of electrons) and S, is the total spin for the O" ion (a half-
integer since the ion has an odd number of electrons), then possible values for S; and S;
are those for which the Clebsch-Gordan series (eqn 4.42) for the coupling of S; and S,
includes a value of 3/2. For example, the combination of S; = 0 (a singlet term) and S, =
3/2 (a quartet term) is possible. (ii) The I, pertains to A = 1. Therefore, the states that
form when the diatomic molecule dissociates may have orbital angular momenta L; and
L, such that the Clebsch-Gordan series (eqn 4.42) for the resultant of L; and L, contains a
value of 1. For example, the terms (P, D) pertain to L; =2 and L, = 3 with resultant values
of 5,4, 3, 2, 1, 0; therefore, since a value of 1 is possible, the terms (P, D) are possible.

The list of possible terms includes
O('P) + 0('S), OCP) + O('S), OCP) + 0'(’S), O('D) + O('S), O(D) + O'("S),

O('P) + O'(*D), O('S) + O"(°P), and so on.
11.7 The transition element ('A,| ,uq|1A1> transforms as
Ay x T'(1g) X A1 = Ay x I'(1g);

but as I'(z4) = A1, By, Bo, it must vanish.
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The normal coordinates of H,O are of symmetry species 2A; + B,. Since B, x A, =By,

the vibronic transition matrix element
('A,, lel,Uq|1A1, °B,)

is of symmetry species Ay x By x T'(1g) x A1 x Aj =By x IT'(1g). It is A when T'(14q) = By,
which is so where q = X. Therefore, an X-polarized vibronic transition may occur.
Exercise: Show that the transition >B, < *B; is forbidden in C10, (a Cyy molecule), but

may be vibronically allowed.

11.8 Determine which states are mixed by rotations. In Dgj, rotations transform as A, and Ej,.
Therefore, Blu X {Agg, Elg} = {Bgu, E2u} and Bzu X {Azg, Elg} = {B]u, E2u}- Therefore

'B,, and 'E,, may be mixed into *By, and 'B,, and 'E,, may be mixed into *By,.

Exercise: What triplet states may be mixed into the 'E state of NH3;? What states would

be mixed if the molecule were planar in the 'E excited state?

Problems

11.1 yos = (Z/ao)*(1/2N2)(2 — p)e ™Y  [Table 3.4] with p=Zr/a,
(@)

(ry = j: rR2r2dr =j;° PR (p)dp(a,/Z)"*
= @D)(18) [ P 2-pYerdp Z=2]

= 12a,/Z (318 pm) U(;” x> (2-x)*e *dx = 96}
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(b)
P (R) = (Z/an)*(1/8) jOR (2-p)’riePdr
= 1 @ pyplerdp =090 [A=ZRia]
That is, we need to solve
Integral(A) = jOA(Z -p)’ ple”dp =720 forA

The graph of this integral as a function of A is shown in Fig. 11.1. We see that it has the

value 7.20 at A=9.12539, so

R =9.1253%,/Z (241 pm)
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Integral(A)

Figure 11.1: The integral in Problem 11.1 as a function of A = ZR/a,.

Exercise: Repeat the calculation for a 3s-orbital.

11.4 The vibrational wavefunctions are:

2
Lower: w=NHy(Y)e 2, y=(ma/h) [x=R-R.]

2
Upper: v = NHy(Y)e 2Y, ¥ = (ma/h)"2(x — AR)
Then the overlap integral is

© 12,2
Sw=NNo | H, (y)Hg(y)e ™ ax
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= (12m) [ H, (v Dy
[e's] 1242
Si=@m)"2[" ye " ay

12 52 [P o —+3D?
=@m'"Pe " [T ye Yy
=@m" e T w-te ey + 7]

2 0 1,2

= @m)'"?e " (Lo e daw=~(2/V2)e +

S2 _ 152 -127 2 2
o =72"¢ = (Ma2R)AR” exp{—(Maw/2A)AR"}

11.7 H,CO belongs to C,y, and z4 transforms as By, B, A; for X, Y, z, respectively. The
transition 'A, < 'A, is therefore allowed only if it is vibronic [(A,] Hg|A1) does not span
A]. Since the six vibrations of HyCO span 3A; + B; + 2B,, possible singly excited
vibronic states of the A, electronic state are of symmetry species A} x Ay = A, By x Ay =
B,, and B, x A, = B;. These vibronic states may be stimulated from the A, state by y-
polarized (B,) or x-polarized (B,) radiation.
Ethene belongs to Doy, and g4 transforms as Bsy, Bay, Biy for X, y, z, respectively.

Therefore By, <— A, is allowed for y-polarized radiation. The vibrations of ethene span
3A; + 2Big + By + Ay + Biy + 2Boy + 2B3,
[Problem 10.23], and so the possible vibronic states of the B,, electronic state are

B2u X (Aga Blg, BZg: Au: Blu, B2u, B3u) = B2ua B3u, Aua B2ga B3ga Ag: Blg
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[Refer to the character table, form y(R)y'(R) for I' x I, and identify the set of characters
so produced]. Of these, B, and B3, may be reached by an electric dipole transition from
the A, ground state.

Exercise: Assess the polarization of the le <« 1B1 transition in H,CO and the By, < A,

transition in ethene.

11.10

Py(t) = (2V/€) sin® (3 ), 2 = w;; + 4V’ [eqn 6.63].

han; = RJ. For state 2 taken as Ty, AV = hé/\/i [Problem 11.9];

for state 2 corresponding to Ti, hV = h&/2. Therefore,

P(To) = 2837 +28 )} sin® {137 +28)" 1]

P(T) = {£ /(3% + &)}sin® [£(37+ &)t

P(T) = P(To)+ P(T,)+P(T.)

For a range of initial times, 0 <ty < T; the time t then corresponds to the duration since
initiation, which is t — t; for a given member of the system. Therefore, since t, ranges

from 0 to T, the average population is:

®(To) = {283 + 2 (1/T) jOT sin’ {%(J 24082t —to)} dt,
= (P + 22 1T) j:_T sin*(ardr [r=t-ty,a=1(32+2£)"]

= (&1 + 2} {1 - p2aT)



Atkins & Friedman: Molecular Quantum Mechanics 5e

11.13

y=[1 — cos(2aT)] sin(2at) + sin(2aT) cos(2at)
If T is long in the sense that 2aT >> 1,
?(To) = £/ +28)
Likewise
(T~ 58/F+ &)
Overall, therefore,

(237 +3£%)¢7

212 2 2012, 2\ _
PN = /(I +28) + /(7 + &) (3212517 + 220

When J* >> &, @(T) =~ 28/

Exercise: Suppose a magnetic field is present. How does ®@(T) depend on it?

H¥Y=c% Y=ay+ >, b,d; H"g =En.

w should be interpreted as Wsysiem foath and @ as @oatn Jsystem, With H®ag =0 and

H(Sys)gsystem = 0 (so that in each case no energy resides in the relevant component).

Then
H¥=aEy+ > bE.¢ +Haw+ > bH'g,
n n

=cay+ Y bEd,
n
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Multiply by (a) w* and integrate, (b) ¢ and integrate (follow that by setting n’ — n):

(E-Ea+V) b, =0 [{wdén) =0, (yiH'|y) = 0]
Va+ (En— B)bn=0 [{énly) = 0, (gn[H'|n) = 0]

Then, b, = {V/(E - En)}a.
Substitute this expression for b, back into the first equation of the pair:

(E-E)+V* D {I/{E-E,)} =0

Then, with £ — E, = ye—neand p=1/g,

E-E=—(V/e) Y {L/{y—n)}
= 1V2Q!ﬂ: cot(my)

As ¥is normalized to unity, a* + Y, by = 1; consequently [from above]

a+a’ VY {I/(E,-E)} =1

n

Since

Z (y - n)f2 = nzcoseczn}/

N=-o0
[Handbook of mathematical functions]

a’ = {1 + i’ pVcosec*(my)} !
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= {1 + T p°V* + "V cot’ ()}
= {1+ 2AV2 + 2 AVH(E — B)lmpV 2

V2
C(E-E) +V 72 +(nV2p)

Exercise: Find an expression for Y. by
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Chapter 12
The electric properties of molecules

All the following material © P.W. Atkins and R.S. Friedman.

Exercises

121 (a) (4,y =aE [eqn 12.9, 1. =0; o, = ]
=4nsdE [eqn 12.19, a=4nsd']
=(1.11265x 1077 C?*m™") x (10.5 x 107 m’) x (1.0 x 10* Vm™)
=(L.17x 1077 CP*m?) x (1.0x 10* Vm™)

=1.17x10"Cm  (3.5x10°D)[1 D=3.336x 107" C m]

(b)  E(E)-E(0)=-1aF =-585x107"7(=3.52x 10" kI mol ™)

Exercise: Calculate the dipole moment induced by a singly charged ion at a distance of

(a) 0.1 nm, (b) 1.0 nm from a tetrachloromethane molecule.

12.2 Use eqn 12.27 to estimate the polarizibility for the hydrogen atom. The number of valence
electrons, Ny, is one; take AE to be the ionization energy of hydrogen, 13.6 eV or 2.18 x
107"% 1.

_ n*eé*Ny,
m.AE?

(S

(24
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_(1.055x 107 Js)? x (1.602 x 107 €)% x 1
(9.109 x 107" kg) x (2.18 x 107'® J)?

=6.60 x 107" 17 > m?

This answer gives o’ = 5.93 x 10" m’ which differs by 10.% from the experimental

value.
Exercise: Suggest why the agreement between the computed and eperimental values for

the polarizibilty volume is reasonably good.

12.3 a =(B¢me) Y {f,/ AE,} [eqn 12.25]

por
~ (h*e*/m)(fIAE®)  [one transition dominating]
~ (&4’ mec))f [AE = hel )

o = aldne = (€*/161° smec?) A

=(7.138 x 107" m)A*f= (7.138 x 107*° cm’)(A/nm)*f

For A=160 nmand /= 0.3, & ~ 5 x 10°" m®, which is an order of magnitude smaller
than the experimental value.
Exercise: Find a expression for ¢ in terms of the integrated absorption coefficient of a

band.

12.4 E® » =3 [I\s/(In + Is)]( i}y /R®)  [eqn 12.40]
I=Iy=Ig~13.6eV=1312kImol'; &} = af =6.6x 107" m’ [Exercise 12.2]

Consequently,
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E® ~ -3 1/%/R® = ~(4.29 x 10~ kJ mol™") x {1/(R/m)’}=-4.29 x 10"'* kJ mol""

Exercise: Evaluate the dispersion energy directly on the basis of eqn 12.17 and the matrix

elements listed in the solution to Problem 12.3.

12.5 E® ~ —(23hc/Am)(a\al/R") [eqn 12.41]

= —(23x1.055%10* T $x2.9979x10° m s '/4m)x(6.6 x 107" m*)*/(10.0x10~° m)’

= -252x10°Jor —1.52x10"° kJ mol™

12.6 The relative permittivity of a non-polar molecule such as tetracholoromethane is given by
eqn 12.54:
&= (1+2aMN3e)/( 1 — aN3ep)
Since a = 4mepa’ (eqn 12.19), N=Nap/M (Section 12.3), and for tetracholoromethane a'=
1.05 x 10 m®, p=1594 kg m™>, M = 0.153822 kg mol ', the relative permittivity is
&= (1+8ma' Nap/3M)/( 1 — 4na'Nap/3M)

=2.135

12.7 The dipole-moment density is the average of 1 cos & weighted by the Boltzmann factor
and divided by the volume ¥, of the sample:

f; pocos 8 AN(8)  Nxp, f(;T cos 6 e* 9 sin 6 dO

P %4 V(eX —e™)

where we have used eqn 12.56 for the Boltzmann factor. To evaluate the above integral,

let u=cos &, du =—sin 8d6&

T -1 1
fcos 0 eXs9 sin 6 dg = —f ue*tdu = fuex”du

0 1 -1
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Using the standard integral:

ey
]yeaydy = (ay — 1) + constant

we have
1

1 exu
fuex“du =—(ux—-1)
X
-1

-1

e* e ™
=20 -D-—z(x-1

—-X

e*+e* e¥—e
x x2

Therefore,

p Nxpi, f; cos 6 e* 9 sin 6 dO
B V(e* — e¥)

X

_ Nxy <ex +e”
T V(eX —eX)

B (N)(ex+e‘x 1)
— Ho V/\e*—e™>* «x

which, with 7=N/J and the definition of the Langevin function in eqn 12.58, is eqn 12.57.

e* — e‘x)
x x2

12.8 The number density V= Napo/M. Therefore, eqn 12.62b can be written as

where
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2
_ Ho
C = <a + 3kT>pNA/3M£O

We now confirm that the expression for C above matches that given in eqn 12.63.

2

_ 1y Ho
C = (41‘[800( + 3kT> pN,/3Meg,

_4mega’pNy | pgpNy
~ 3Mg, 9goMKT

4‘1'[pNA ,
= W (a + ,Ll%/lZT[SOkT)

12.9 Begin with the equation following eqn 12.70:

Hz) = oz + Z{“Z,Onan (t)e™9not + p, noar (t)el®not}

n+0

We need to substitute into the above equation the expressions for a,(f) and its complex

conjugate obtained from eqn 12.72:

a (t) — UznoE A@+wno)t ~ FA@=0no)t
n h W+ Wpo W — Wy

ar (t) — ﬂ;,no E e-i(w+wn0)t ~ ei(w_wno)t
n h W+ Wy W — Wng

Proceed piecewise and use € = cos x + i sinx:

|,uz,n0|2£{ elwt e-loot }

h W+ Wy W= Wy

Uz onln ) e 1 @not =

_ |ﬂz,n0|2 E {w(eiwt - e-iwt) — Wno (eiwt + e'iwt)}
T h

2 _ 2
w Wno

2|tz nol* E {iw sin wt — wy,g COS wt}
- h

2 02
w Wno
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2 it it
i Vsl (|
zno%n
h W+ Wy = Wy

_ |ﬂz,n0|2 E {w(e—iwt - eth) - (Uno(eiwt + e'i”‘Jt)}
T h

2 _ 2
w Wno

2|Mz,no|2 E {—iw sin wt — w, cos wt}
 h

2 42

[z 0n0n (£)e79n0t 4 11 o ar (¢)elenot

2|tz n0|* E (iw sin wt — wyq cos wt — iw sin wt — wyg cos wt
- h

2 42

_ 2|znol® E {ano cos a)t}

Therefore,

2|tz n0l* E (2wpo cos wt

(Hz) = oz + z P 02 — w2

n+0 no
2 w 2
= U, + {—Z {n(Z)LGoJ}} X 2E cos wt
h Wip — W
n+0

which is eqn 12.73.
12.10 Let D = a(w)Meo. Then, from eqn 12.78,

1+42D/3
1-D/3

n¢

which, upon substitution into the left-hand side of eqn 12.79, yields

1+2D/3 1-D/3 D
nf-1_T1-D/3 1-D/3 1-D/3_D
n2+2 1+2D/3 2—-2D/3 _ 3 3

1-D/3 T 1-D/3 T1-D/3
With D = a(w)Neo, the expression D/3 matches the right-hand side of eqn 12.79.

12.11 @y = wt —2mznyv/c = wt —zniw/c [eqn 12.84, v =27 V]
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Letting n = "Y(n+ + n-) and An=n, —n_,we obtainn, =n+An/2,n_=n— An/2

or ny = n + An/2. Therefore

Zniw Z (niT)w nw _ wzAn
= = pt———2- =wt———7F
c c 2c

which is eqn 12.85.

Problems

120 =2 {theontt n/AEn0}  [eqn 12.16 with z — x]

n#0

on = (0] —ex + %eL|n> =—e(0x|n) [(O|L|n) =(0|n)L =0, n# 0]

—(8/n*)Ln/ (n* =1)*, neven
0 nodd [Problem 6.8]

(Olx|r) = {
AE, = (n* = 1)(h*/8mL?)
e = 28 (BLITY (8mL* M) > {n*/(n*~1)°

even

=28/n’Ya). {(n’/(n’*~1y a=(eL)/(h*/8mL’)

even

> {(nl(n*~1)° =0.01648 [Problem 6.8]

0.02166¢°L?
Therefore, a,, = 0.021 66a = 12/ 8mI2

For m = me, a4 = 9.229 (L/pm)* x 107" J7' C? m?

A e = O /ATE = 8.295 X 107 (L/pm)4 cm’
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With L = 150 pm, &/ = 4.199 x 10 cm’.

Exercise: Calculate the polarizability volume of a rectangular, three-dimensional box of
sides X, Y, Z, and the mean polarizability volume, and relate ¢ to V' = XYZ.

12.4. We continue with Problem 12.3, including the contribution from all p-orbitals:

0 9, 1\2n=5
o= (29e2a(2)/3thH) Z{ n(n-1) }

S (CER VR (A )

o (9, 1\2n-6
= (2962(13/3hCRH) Z{%}

= (n + 1)2n+6
= (2°%¢*a} /3hcRi) {0.0087 + 0.0012 + 0.0004 + .. . }
= (2°%*a}/3hcRy) x 0.0106 =5.97 x 107 J7' C* m®

al, = a.l4rng =537 x 10> cm’

Exercise: Calculate the polarizability of one-electron ions with atomic number Z.

12.7 To derive the expression for the third-order correction to the energy, which we denote

Eé3), we follow the procedure set out in Section 6.2. We include the term A*’H® in eqn

6.20a, I’ w§ ineqn 6.20b, and A°E? in eqn 6.20c. We then obtain in addition to the

equations shown in eqn 6.21 the following equation by collecting A’ coefficients:

HO = By = (B —H Yy + (B - HOYyg” + (B — HOyp?
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The first- and second-order corrections to the energy are given in eqns 6.24 and 6.30,
respectively; the first-order correction to the wavefunction is given in eqn 6.27. For later

use, the second- and third-order corrections to the wavefunction are written as

P = z 20

n#0

3) _ (0)
YIO - Z cnyln

n#0

The equation above obtained by collection of A* coefficients is written in ket notation as

{H? = EOVS ¢, Iny= {ES) — HV}0) + {EY — HP} Y a,ln)

n#0 n#0

+ {E" —H"}> b,In)

n#0

where the coefficients a, for the first-order correction to the wavefunction are given by

eqn 6.26. We now multiply this equation through from the left by (0|, which gives

(recognizing that HO|n) = E,EO)|n>)

— (3) (3) (2) ©
0= EO _HOO _ZanHOn _zanOn

n#0 n#0

If the matrix elements of the second- and third-order perturbations H® and H*® vanish,

then the above expression simplies to

Ey’ = b,H)

n#0
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To find the third-order correction to the energy, we need the coefficients b,. To find them,
we start with eqn 6.29a and multiply through from the left by (k| (setting matrix elements

of H? to zero):

bAE" —E"Y =a, B = a,H})

n#0

Therefore, using eqns 6.24 and 6.26, we find

[OF220)) D) @)

- _ Hoono _z HnOHkn
k 0 0)2 0 0 0 0
(B —E"Y R (E —EPNE” —E”)

When we replace in the above equation the indices n by m, and k by n and substitute the

resulting expression for b, into E” =Y, b H{", we obtain

OF240)
E® —_go M
0 00 EO _ pOy2
n#0 ( 0 n )
HyoHy )

22

om0 () = E))E, - E”)

which matches (upon interchange of the indices m and » in the double summation) the
expression given in Problem 12.6.

Exercise: Derive the expression for the third-order correction to the wave-function.

[H, x*] = ~(h*2me)[(d*/dx?), x*] [V, x°]=0]
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= ~(B22m) {(dHdx)? — x*(d¥dx)}
= —(R*2me) {2 + 4x(d/dx) + x*(d*/dx?) — x*(d*/dx?)}
= —(h/me) — 2(B*/me)x(d/dx)

= —(h*/m¢) — 2i(A/me)xp

(m|[H, x2]|n> =(En— En)<m|x2|n> = ha)mn(xz)mn
= (m| — (h*/m¢) — 2i(B/me)xp|n)

= _(hz/me)5mn - Zl(h/me) Z xmfpjh
f
= —(B%/me) Gn — 21(B/me)(ime) Y X, @ 5%, [eqn 12,112 in F112.2]
f

2
=—(h"/me)Omn + 20 Z X X 1, @ g,
S

Therefore

D XX @ gy = (/2me) S + % (6 )
S
Exercise: Devise a sum rule based on [H, x°].

12.13

n(w)~1+(N,p/3he,M)C()

@ 2 eqn 12.77
C(o) =Y. 2l [eq ]
nz0 "

Evaluate C(w) numerically, drawing on the information in the solution of Problem 12.4.
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|2

a
C(CU) — z n,ls ’ Iuls,nlml

2 2
nlm=(1,0,0) @y — D

2
D1 | et i, |
_ n,ls z;1s,nlm; 2 .2 .2
=3 Z 2 2 ['ux_'uy_'uz]
ndm#(10,0) @Oy — @

2
= 3¢’ Z "ls “r. | [only np.-orbitals contribute]
n#l nls
1=/ n*)]| z,, , s
:(SezRH/ch)z 1= UL P |

- n*) PRy —(1/A%)

{hwnﬂls - thH[l —izﬂ
n

i s 2 [1-(1/n)n" (n=1)"""/(n+1)>""
= @I AR ) L T R 1)

= (2"/m)(e* ay IRuc)D(A),

[1_(1/1’12)]1’17(1’1 _1)2n—5 /(I’l +1)2n+5
)=
o ; [—Q/n*)] —(1/Ary)*

2n—4 2n+4
_Zn (n 1) /(n+1) . y=1/2Rn

n#l 7/ I’l

Since 7= 1/(590 nm) x (1.097 x 10° cm ") = 0.155, numerical evaluation of the sum (up to

n = 20) leads to D(590 nm) = 0.0112. Therefore,

C=0891x107” C?*m*s)D=9.98x 107> C*m’ s



Atkins & Friedman: Molecular Quantum Mechanics 5e

Consequently,

me~1+(NM3h&)C  [p=Nmy/V, my=M(H)/Na]

~ 1 + (Matoms m ™) x (3.56 x 1079

When A~ 10° atoms m™

n—1=36x107%

For a gas of atoms at 1.00 atm and 25°C,
N=plkT=2.46 x 10 m™

and then 7, ~ 1.000 088.
Exercise: Find an expression for the refractive index of a gas of one-electron ions of

atomic number Z.

12.16 Take as a trial function = i + ays,_for each atom, so that the overall trial function is

w=(Wa1s+aawaz )(WB1s + as¥sp)

The denominator of the Rayleigh ratio is therefore

j yldr = J. (Waus+ ANV A 2p. ) ( VB,1s +aBWB,2pZ)2dTAdTB

=1+ ai Y1 +a %) [basis functions are orthonormal]

The hamiltonian is

H=Hx+ Hg+ H(l), Hawan=E Wan
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The numerator of the Rayleigh ratio is therefore

J“/’H ydz = I(WA,ls TANY A 2p. YW s + aBlr//B,ZpZ)
X {(E1yas + aaBaya2p )(Wa.1s + as W 2p)
+ (Wais + aaWap )(E1WB1s + apEx v 2p)
+ HY(ya1s + aapap ) (W1 + asWi2p)}
2 2 2 2
=(E1+aryE)(l+ag)+(E1+agE)(1+ay)
+ I(V’A,ls‘/’B,ls T a W0 Veis

+ apWa,1sWB2p. + AAGB WA 2p VB 2p.)
1)
x HO(wa1sWs.1s + aaWasp, W.is + B Wa.1s W 2,

+ anasWa2p B 2p )d7ad 78

Only the zazg components of H" contribute to the integral (because only it has

nonvanishing matrix elements between 1s and 2p;), so we take
HY = 22(1/4n&R) pin- 115

Then the only surviving terms are

2axan {I l//A,ls‘//B,lsH(l)‘//A,Zp_, ‘//B,Zp_,dTAdTB

+ I ‘//A,zpz‘//B,zpzH(l)'//A,ls‘//B,lsdTAdTB }

2 3
= —(e"/meoR’)ananza;1s2p.28;1s 2p,

2 3
=—apnasKZ, K=e/n&eR’, Z=za;152p2B;152p.
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The Rayleigh ratio is then

E, +aiE,
6:
(1+ax)+ (E + agE,) /(1 + a})

3 ayagKZ
(+a)+(1+ap)

The optimum values of asag are those for which d€/0ap = 0€/0ag = 0.

O€/0an = 2apnEr/(1 + a3) — 2an(Ey + aX E2)/(1 +a?% )

—apKZI(1 + @) (1 + a}) + 2arag KZ/(1 + ax )*(1 + ag) =0
Likewise for 0€/0ag. Therefore we must solve

2(E2 - E])aA + 2(E2 - El)aéaA — aBKZ+ aBai KZ=0

2(Ey — Ey)ag + 2(E, — E\) axag — aaKZ + ayan KZ =0

LetAE=FE,—E,| = %thH. Then, since a/i = aé by symmetry, we have

KZ —2AE\"? KZ —2AE\"?
apr=t| ——— ap=t| ——

KZ +2AE KZ +2AE

It follows that, setting y= (KZ — 2AE)/(KZ + 2AFE),

e 2E, + 25, | | KZ
1+y (1+y)?
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Exercise: Calculate the dispersion energy on the basis that the trial function (a) also

includes a 3p-orbital component, (b) includes a ‘1p-orbital’ component.
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Chapter 13
The magnetic properties of molecules

All the following material © P.W. Atkins and R.S. Friedman.

Exercises

13.1 B = iy H [eqn 13.1a]
In terms of magnitudes: (Note: 1 T=1V's mZand1J=1VAs=1Nm)

B =uH

H=Blu =1.0T/(4n x 100’ NA?) =8.0x10°Am’
13.2 (a) M = y# [eqn 13.3b]
M= yH =(—9.02x10°) x (80 x 10°Am )=—072 Am’
(b) M = ﬂio(lf—x)@ [eqn 13.3¢]
B=(1+ o My
=(1-9.02x10%) x(@nx 10 'NA?) x(-0.72Am ")/ (—9.02 x 10
=0.10T

13.3 Follow the first brief illustration of Section 13.2. For a mass density of 5.0 g cm™

and a molar mass of 210 g mol™', the number density is

N= PNA _ 5.0x10% gm™3

M ziogmort (6.022 x 1022 mol™") = 1.43 x 10?® m~3

The magnetic susceptibility at 293 K due to complexes with S =1
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(so mo=2up{S(S+ 1)}'? = 8" pp) is

(4t x 1077 T2 ] 1 m3) x 8 x (9.274 x 10724 JT™1)2 x (1.43 x 102® m™3)
3% (1.381 x 10~ JK-1) x (293 K)

X =
=1.0x1073

Note that the final answer is consistent with the assumption that y << 1 (as required in the

derivation of eqn 13.7); all the units cancel.

13.4 The molar magnetic susceptibility is given by eqn 13.10.

_ #om(z)NA
Am = 3T

_ (4mx1077T?] ' m?®) x 8 x (9.274 x 107**J T™")? x (6.022 x 10%* mol™")
B 3 x (1.381 x 10~23J K-1) x (293 K)

=43 x 10 m’ mol™!

13.5 The Curie constant C is given by eqn 13.11:

_ fomgNy

¢ 3k

_ (4mx1077T?] ' m?®) x 8 x (9.274 x 107** J T™)? x (6.022 x 10%* mol™")
B 3 x (1.381 x 1023 JK-1)

=13 x10°m’K mol™

13.6 ym= C/T [eqn 13.11]. For hydrogen atoms at 298 K, C=4.7 x 10°® m? K mol™', and 7/K =

298; then ym=1.6 x 10~°* m® mol™".
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Exercise: Calculate the spin contribution to yy, for the ground state of a nitrogen atom at

298 K.

13.7 Because (Sy ) =(S})=(S7), it follows that
(S2)=3(85 +85 +852)=3(57)

But (%) = h%S(S + 1) for each state. Therefore, (Szz) = 1S(S+1)n’.

Exercise: Evaluate (S7) in this way.

13.8 See Fig. 13.1.
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Figure 13.1: The vector function used in Exercise 13.8.

Because F, = —z, F, = 0, and F. = x, we have

V-F = (0/6x)(~z) + (0/8y)0 + (8/6z)x = 0

~ ~ ~

i j k
VxF=|d/ox) (0/dy) (0/0z)| =1[(Ox/0y)— (00/0z)]
-z 0 X

— j [(&x/6x) + (02/02)] + k [(80/2x) + (82/0y)]

~
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Exercise: Sketch the form of F = x*k —z*1, and calculate its divergence and curl.

13.9 (a)
B = Bi;
i ]k
A=1a@ixr=18 0 0|=13(-z+)k)
X y z
(b)

B= (i +j)/2
A=(B22)i+])xr

i ] K
=(@22)1 1 0/ =(@2v2){(EE -z + (v -x) k)
y4

Xy

For a uniform field,
A= {3 @xn} - {F@x 1)}

=L{(B-B(T-N—(B -1 B)}=1{B (B}

@) B r=a;; A=180"-x)=18("+)?)

(0) B- 1= (B2 )x +y); A=Y B 17— h( +17))
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Exercise: Find the expressions for the vector potentials representing uniform fields directed

towards the corners of a regular tetrahedron. Evaluate @ for A = @(xz"k - zzi).

13.10 Streamlines representing the vector function C + AD are shown in Fig. 13.2 for various
values of 4.

C=—itxj D=xi+yj C+iAD=(ypy+x)i+x+A)j

) VA fteemmene e AN NN Gl o e A S N R B ;
NI At N NG I e AN R d
VS22 2 2=<~NNN\N\\] [oee==~s At H ]
(177722 AN\\] fwreeaasvniidff]
llllfft‘--sx\\\\' NN
';"'"1;0“”“ it I RN R
‘Ollll'--_--llill--///fa-’_- s r 2/
EHEERE 'R E F A AL A I
-1 \\\\“""fi‘fff. -/”f’l‘lt .y
\\\\\\u--,/f’f’ /f}'[ll\\---.-_'-v,l
_n \\\\\\“"’I/////' {"I‘\\\\\‘-——"—'
= \\\'\\\-—---,/////- 5 ‘\\\\\\-\.-‘—w-

=3 =2\ =L 0, & Z' 3

X
SONNNNNN A AAAT] EXNNNNNA\N A AAAS
SSNNNNNAL AL ANSU NSRRI YY)
~~SNNANNNVH LSS SANNNNNYVEE LSS
—w—~~NA\NANNVV S SSSS w“sww\N\N NV S
AN NV NS LSS ——NNNNN NN A A ST
*—ﬁﬁﬁwt-ull////“ _——— % % A [ A A
D A 4 ——— L L
o e = . =2 i il il il ....._....-.f-.=6, - o ol
e e - s LI R S —
AL A A s e em——— B A L I e
LA 7711V AN SN Sm——— KA S S
LA/ 77111V A A NS~ Py e RERE RS T TN
LI P P A NNSSSen] EZLZ72 7008V VAN
AAA L VANNNNSSSSST FAZZ 7701V NANANNNN
AP VANNNNNSSS] B/ 70TV VNN

Fig. 13.2 Streamlines of C + AD for indicated values of 4.
13.11 C=—yitxj

A=Ce*"=(—i+xf)e™



Atkins & Friedman: Molecular Quantum Mechanics 5e

B=V X A [eqn 13.14]

_~

i j k
=| d/ox 0/dy 0/0z| [Section MB6.2]
—ye k2 xekz 0

— 20 o —kzy_ 20 -k 5[0 ok 9 ok
= — 15 (xe™) = J 2 (ve ) + R{F (™) + - (ve™k0))
= e ¥ {kxi + kyj + 2k}
. — 6_ —kz 6_ —kz i —-kz\ — -kz __ —kz
V-3 P (kxe™™*) + % (kye %) + . (2e7%%) = 2ke 2ke
=0
Therefore, the magnetic field does not have non-zero divergence.

13.12 Im = —(21oNA/6me)(P)  [eqn 13.40]
Wis = (Z*S/TC aS)l/ze*Z*”/“o

Yas = (2*5/967'C ag )1 12 paZ*ri2ay
s = (2% /nag )J-Omt d¢j§ Sin@d@j: 2 {r2€—2z*r/a0 \dr
= (Z*3/na3) (2n)(2){4!/(22*/a0)5} _ 3(15 /Z*2
<r2>2s = (Z*S /9671:613) (2m)(2) I:r6e—2*,/a0 dr
= (2*°/96ma;) (Am){61/(Z¥a0)} = 30aq/Z**

Therefore, in each case we write
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Im=—(*1Nal6me) Kag1Z**, (a) K =3 for 1s, (b) K = 30 for 2s

=—(9.95 x 107'))K/7*

(i) For the hydrogen atom, take Z* = 1, K = 3;

X (H)=-2.99x10""'m’ mol™

(i1) For the carbon atom, take Z*(1s) = 5.67, Z*(2s) = 3.22 [Table 7.3];

7m(C, 18) =—9.28 x 10~ m’ mol™"; #(C, 2s) =—2.88 x 10" m’ mol™

Exercise: Use the true hydrogenic 2s-orbitals to calculate y(H, 2s) and compare it with
the Slater orbital result. Does the orthogonalization of the Slater Hls and H2s improve the
agreement?
13.13 = po N [eqn 13.33]. Using eqns 13.8 and 13.9, we obtain
Hn = YVm= o NE Vin= oSN
and therefore
&= Yu/(oNa).
(a)(d) &H, 1s)=-2.99 x 10 "' m* mol ' /{(4m x 10" T? I ' m®) x (6.022 x 10* mol ")}

=-395x10°N'A’m’

(a)(ii) &C, 1s) =—9.28 x 10 m’ mol " /{(4m x 107 T? I ' m’) x (6.022 x 10 mol ")}

=—123x10°°N"'A’m’

(b)(ii) &C, 2s) =—2.88 x 10 "' m’ mol ' /{(4m x 107" T?J ' m?) x (6.022 x 10* mol ")}

=381 x10°N"'A’m’

13.14 We desire contour diagrams of the type shown in Fig. 13.9 in the text.
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i =—(B2nme.ay )(—yi + xj)e > [eqn 13.54b]
—2rla,

= —(*B2mm, ag )(—L sin ¢+ j cos @) sin Gre

= —(*B2mm. aé )(— isin ¢+ j cos @) sin Ose >, s = rlag

The heights 0, ao, 2a¢ correspond to the following values of », € for horizontal distances

oay from the nucleus (Fig. 13.3):

O'ﬂ'o

aga

sa

(a) ® (c)

Figure 13.3: The geometry of the arrangement treated in Exercise 13.14.
(@) 0:5=0, 8=90°,
(b) ag:ssin@=0, s=(1+ )"

(¢) 2a9:ssin @=o0, s=(4+ )"
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Write j© = —(e’®/27m. ag)

then
j% jO= (i sin ¢+ J cos @) sin Ose™>

which correspond to circles denoting magnitudes
(a) /)€ = e

(b) j4j© = oexp{=2(1 + A"}

(¢) jYj© = ocexp{=2(4 + A"}

These functions are plotted in Fig. 13.4.

0.20

0.15
\

(a)

1
= 0.10
"ll-\

0.05 \

o
[—
I~
Q
(V8]

Figure 13.4: The diamagnetic current density at heights of 0, ap, and 2a, above the




Atkins & Friedman: Molecular Quantum Mechanics 5e

xy-plane for a ground-state hydrogen atom in a magnetic field.

Exercise: Calculate and plot the current densities in the same three planes for an electron

in a hydrogenic 2s-orbital.

13.15 Take the following hydrogenic orbitals [s = r/ay]:

Wos = Ronoo = (23/87E ag )1/2 (1 - %ZS)e_ZS/2

yap = Ra1Y1o = (12722 Imag)" * s(2 — L Zs)e ™" cos 0

When the field is along z there is no paramagnetic contribution. The diamagnetic current

densities are given by

j'= —(*B2m)wlC  [eqn 13.54a]
() j*@2s) =~(Z’ B/ 16nmeay) (1 - 1 Zs)’Ce ™

=—(Z’¢B/16mmeag ) s(1 — L Zsy'(~i sin ¢+ j cos e ” sin O
which correspond to circular contours denoting magnitudes
JQs)j =s(1-1zs)e?sin 0, j =Z¢@16mmea;
When #=90°and Z=1,
Q) = s(1-1s)*e

which is sketched in Fig. 13.5.
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020 [ T

0.15
&
& 0.10
~

0.05 / AN
0
0 2 - 6

14

Figure 13.5: The diamagnetic current density in a 2s-orbital in a plane through the

nucleus.

(b)
jd(3pz) = ~(Z°*B/729men ag )s° (2 — %Zs)ze_m/ 3 cos’sin 6

x (—L sin ¢+ j cos ¢)
This expression also corresponds to circular contours denoting magnitudes

G =52 = 1Zs)? cos’@sin 07, 7 = 2’ B/729men ag
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The magnitudes are zero in the equatorial plane (sin &= 0). For a plane parallel to the
equatorial plane but at a height ha, above it, we have s sin 8= o, as in Fig. 13.3 (Exercise

13.14), cos 6= h/s, and s> = o* + h*. Then, with Z = 1,

SGp = Ho@2-3[0 +1]?) exp{-3[o” + h*]"%)

This expression is sketched in Fig. 13.6 for 2 =1, when

FGp) = o2 - 1 J(1+ A exp(-2(1+ )}

08 |
* 0.6 \
5
o
g
~
04
0.2 —
0
0 2 RS 6 s 8 10 12 14

Figure 13.6: The diamagnetic current density in a 3p.-orbital in a plane at a height ao

above the xy-plane.
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Exercise: Evaluate j(4p.) and j(3s) for hydrogenic orbitals, the magnetic field being

applied in the z-direction.

13.16 We need to show that the vector potential given in eqn 13.62b has zero divergence. If the
spin angular momentum | and the position vector r are written in terms of their

components
I=Li+Lj+Lk r=xi+yj+zk

then, using the definition of the vector product (eqn MB3.4¢), we find

Ane = (%j (852 = yI) + § (Ix — zL) + & Iy — x1,)}
r

Using the definition of the divergence (eqn MB6.3), we obtain

YNk )| O 0 0
VA= | NN ([ z—yI )+ —(Ix—zI )+—(,y—xI
(%ﬁj[ax(yz i) ay(zx zl,) aZ(xy xy)}

Il
()

because /, and z are independent of x and so forth.

Exercise: Evaluate the curl of the vector potential given in eqn 13.62b.

13.17 A magnetic dipole that has only a z-component can be written m = m. K. The vector

potential A then takes the form (see eqn 13.62a):
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i j k
=(4ﬁ°r3)0 0 m,

Xy z
= C22) (—yi+ )

13.18

o = (u/12tm){(1/r))  [eqn 13.74]

w(2s) = (Z%°/96m ag Y2 e @24  [Exercise 13.12]

w(2p.) = (Z¥°/321a))"? r cos @e "%  [Problem 13.4]

((1/r))2s = (2*5/967'C ag )I()zn d¢'[;[ sin ngJ‘: 2 {l”z(l/r)e_z*r/ao} dr

= (Z¥196m ay) (2m)(2){3'(Z*/a)*} = L (Z*/a)

(1P, = (Z¥/32ma3) joz”dgzﬁj;‘ singdo[” r? {2(11r) cos’0e > dr

= (Z*¥/32may) (2m)(2/3){3(Z*ag)*} = L (Z*/ay)
Therefore, for each type of orbital,

o = (X o/ 12mme)(Z*/4a0) = € oZ*/148mmeaq

—4.44 x 107 z*

For an electron in a carbon atom, for which Z*(2s) = 3.22 and Z*(2p) = 3.14 [Table 7.3],

(@) 2s:0°=1.43x10" (b) 2p:c’=1.39x107




Atkins & Friedman: Molecular Quantum Mechanics 5e

Exercise: Calculate the contribution to ¢ of an electron in (a) a hydrogenic 2s-orbital, (b)

Slater 3s- and 3p-orbitals.

13.19 The 2s-orbital gives zero paramagnetic contribution. The 2p-electron contributes

IOn '(7"_3|)

o’ =—(u/12nm?)’ 201 [eqn 13.75]
AbﬁnO

n#0

= (& o/ 12 m ) paLlp XDy lr Llp:)y/ AE

[We are assuming that the orbital mixed in is p,, so only /, contributes; another p,-orbital
nearby would give an additional contribution through /,.] Because /,p. = —ihp, this

expression becomes

& = —(e uon*12m m2) (p,|(1/1)|p,Y AE
((1r*Yp, = {(1/))ap.
5 5\ (2" L ® 2 21,3 2 5 —Z*la
= (Z* /32na0)j0 d¢j0 sin edejo 2 (7 (1/r) cos® @7 0)dr

= (Z¥132na)) Q1) (2/3) {1 Z¥ ap)*} = Z*/ 24a]
Consequently,

& = (e uh*/12nm}) (Z¥24a;) (1/AE)
= —(e’ 1’2887 mfag) (Z*¥|AE)

= -2.013 x 107> Z¥/(AE/eV)
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For carbon, Z* = 3.14 [Table 7.3], so
o =—6.23 x 10*/(AE/eV) =—1.2 x 107" when AE/eV = 5.0
Exercise: Calculate the paramagnetic contribution to the shielding of an electron in a 3p,-

orbital.

13.20 The magnetic perturbation transforms as a rotation. In Cy, Ry, R,, R- transform as

B,,B,, A, respectively. Therefore, because

A x {Ba, Bi, Ay} = {B2, Bi, Ay}

it follows that for NO, the components g\, g,,, g-- depend on the admixture of

’B,, °B,, *A, terms respectively. Because

Bi x {B, Bi, Ay} = {As, Ay, Bo}
it follows that for ClO,, g\, ), g-- depend on the admixture of 2A2, 2A1, B, respectively.
Exercise: What states contribute to gy, gy, .- in the 2E{ state of a D5, molecule?

1

1321 9(d,,) = (=)’ Ruz(r)(3 cos?6 — 1) [eqn 3.74a]

16t
2T T
(1 — 3cos?0) = f f f ¥(d,,)(1 — 3cos20)y(d,, )r?sinddodedr
@=0 6=071=0
2T

=]

f RZ,(r)(3 cos?8 — 1)2(1 — 3cos?0)r?sinfdOdpdr
$=0 620 =0

o

T
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Since the radial function R, is normalized, integration over » contributes unity; integration

over ¢ contributes 2. Therefore,

VA
5
(1 — 3cos?0) = 3 j(3 cos?0 — 1)? (1 — 3cos?0)sin6do
9=0

| vt

T
f(—27cos69 + 27cos*8 — 9cos?8 + 1)sinfd 8
9=0

5{—2)(27 2 X 27

g 7 + R —2X3+2}

= —4/7

13.22 The spherical average of (1 — 3 cos”6)” is given by the integral

2T T

T
f(l — 3c0s%6)?sinfdfdp = 2m f(l — 3c0s%6)?sinfdb
=0 6=0 9=0
T
= 2™ f(9cos40 — 6¢0s26 + 1)sinfdo
6=0
9
=2n{§x2+2x(—2)+2}
= 16m/5
Problems

13.1 Under the influence of the perturbation H" = —»/.® the non-degenerate, real, ground state
wo changes to = wp + cyi, with ¢ = —(yi|[H"| o)/ AE [eqn 6.26]. In this case ¢ =

%Bl.,10/AE; which is imaginary. Therefore yis complex. It follows that

(Wlgly) = (vl y)*  [hermiticity]
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(WLl w) = Cwallgwo) + (wally wide + c*(yally wo) + O(c)?
(AL w* = Cwnlly o) * + (woll iy c* + c(ylly o) * + O(c?)

= (ol yo) = (wallylyade* = eyl yo) + O(c)
On comparing the two expressions, noting that {yy|/,| yo) = 0, we are left with
(wollglyre + c*Cyallylyo) = Cwollg e + c*(wallylwo)

which does not require a value of zero. Hence (y//,| ) need not disappear.
Exercise: Show that the expectation value of linear momentum is zero when the state is

real but may be nonzero in the presence of an appropriate perturbation.

13.4. y=(yn— po)/N2
wap = (Z¥°1321a))" ' *r cos Qe "0, 7% =3.83, 7% = 4.45 [Table 7.3]

Let the vector potential be centred on a point a fraction A of the bond (of length R) from

N, Fig. 13.7.
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.
TN
ol
S
iy
L

Figure 13.7: The coordinates used in Problem 13.4.

Then for a uniform field along x,

_ 1 _ 1 ~ 1
A—E@X I’—E@(—Z] +yk)

We need to express cos #and » (on both N and O) in terms of the same y and z
coordinates. (Note in passing that there is no ‘natural’ origin for A: different values of 4
correspond to different choices of gauge. In due course we shall see that the diamagnetic
current density depends on the choice of gauge. The total current density, however, is
independent of gauge.)

On N:

re= Vi +zn =+ AR+ 2

cos Oy = zn/rn = 2/ {(y + AR)* + 2*}'2
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On O:
1=yo+zo=lv—(1-DRV +2°
cos o = zo/ro = z/{[y — (1 = )R> + 2}
Consequently,
Unap, = (Z¥/32ma))? z exp{ ~Z¥ [(v + AR)* + 2°1"7/2a0}

Wor, = (2 /32ma))"* z exp{ ~Z3 {[y — (1 — HRT +2°}*/2a0}
The diamagnetic current density in the yz-plane is therefore
j'=—(?B2m)wiC [eqn 13.54a, C = —zj +yk]

= —(*B/Ame) (wx + W — 2wWo) (—Zf + yk)

= —f&'E{Z{i}Se_ZfN + nge_% - 2(2{1}23)5/2 e_(ﬁ“fb)}zz(—zj + yk)

with
= EB/128mmeaj
= (ZE2a,) {[y + AR] + 22}
fo=(Z%/2a,) {[y — (1 = HR) +2°}'?
Now write

C=zlag, n=ylay, s = Rlay, y= (Z;/ZS)S/Z,jJr: (Z;’f,/Zg)S/ZJ#
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Then

U= {re N+ (Up o - 2 0N} E(=Gj + k) ag
N=FZ5 A+ 2s) + £}

fo=3Z5{n— (1= Vs + &}
Take R = 115 pm (so s = 2.17). The current densities should be plotted for (a) A =0, (b)A4
=1,(c)A=1.0.

Exercise: Use mathematical software to plot the current densities. Calculate and plot the
current density for a plane parallel to the one considered above, but offset from it by a

distance ay.

13.7 A = —(E1NA/Am)(* + %) [eqns 13.40 and 13.35]
A

Fmt = —(€ 1N a/Ame) (x> + 2°)

x* +y* =1 sin’@(cos’ ¢ + sin’g) = r* sin’

Wap, = (Z*/32ma))"* r cos Qe ? 7%
(@)
() = (2% /32ma) [ dg| singdB[ " r* {r* sin® Ocos® O} dr
= (2% 132ma)) 2m)(4/15){6!/(Z*/ap)'} = 12ay/ Z**

(b)

(x* + 22 = r(sin® O cos’ g + cos> 0))
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= (Z¥/32na; )rn d¢5J‘nsin6’d9J‘oo r? {r*(sin® @ cos’ O+ cos>6)
0 0 0
x cos”@e Z 0y dr

= (Z*°/32ma]) {(m)(4/15) + (2m)(2/5)} {6!/(Z*/ap)"}
= 24a; /7%
(@)

Him = —(3€” ag poNa/me)(1/2*)

=-1.791 x 10"'%7** m* mol™!

(b)

Zim = —(6€"ai tNa/me)(1/Z*%)

=-3.583 x 10'%7*%* m® mol™!

=3+ 2x) =31 [r=2x

=-2.985 x 10"'%2** m*® mol™

For the carbon atom, Z* = 3.14 [Table 7.3]; consequently

Hm=-1.82x107"5 ) =-3.63x107"";

Zo =-3.03x107"" m* mol™

Exercise: Evaluate y and y, for Slater 3d. -orbitals.

13.10 The normalized forms of the d-orbitals are
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d. = (5/16m)"4(3 cos® 8- 1) Air) = (5/16m)"*(32* = rH)f(r)
d.. = —(15/41)" cos @sin Ocos ¢ r*Ar) = —(15/4n)"* xzf(r)

d,. = —(15/4m)"? cos @sin Gsin ¢ fr) = —(15/41)"* yzA(r)
Consequently,

L.d>=0

1,d> = (5/16m)"*(n/i) {z(d/x) — x(8/62)} (32> — H)Ar)
= 6ih(5/16m)"? xzf(r) = —ih/3 dy.

l.d.2 = (5/16m)A(B/1) {1(6/62) — z(8/dy) } (32* — )

= —6in(5/16m)"*yzf(r) = +ih~3 d;.
Therefore,

gZZ = ge

2y = Ze — 2{d|,|d2)*/AE [eqn 13.87a]

= g.— 6AR°/AE = g, —6hcl/AE
xx = 8e — 22<dyz|1x|dzz>2/AE = L.~ 6hC§/AE
Taking =154 em™ and AE/he = 10% em™ gives

g-=g.=2.002, g,=gx=g—0.092=1.910

Exercise: In a similar complex the d,, orbital was the lowest; calculate the g-values.
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13.13 J~ Quogern/3) vyl xa(0)1s(0)f cacy /AET  [eqn 13.110]

ck=capr3 2a(0)= 5(0)=1/nag
m=A'H)=g(Hwm/n, g('H)=55857
= n"H) = gCH)u/h,  g(*H) = 0.85745
J = Quuogers/3)’ g((H)gCH) px (1/ mag)® (1/2)°/AED R
~ (gettoptnpnt 3mag Y g('H)gCHYAET 1’
~7.122 x 107" g("H)g(*H)/ R*(AE™/))
~ 4.445 x 107 g('H)g(*H)/ R*(AED/eV)

g(H)g(H)  321Hz

n°J/h = (67.1 Hz) x =
( : (AED/eV)  AED/eV

~ 32 Hz when AE'P ~ 10 eV

Exercise: Find an expression for the spin—spin coupling involving two nuclei, one of
atomic number Z; and the other of atomic number Z,. Express ca and ¢ in terms of ¢,

o, and fin a Hiickel type of approximation.

13.16 Write w= ayns + by, and choose a and b so that

leswdr = aleswzsdr +b=0

Iwzdr = j(a‘//zs +by, )’ dr =d* + b* + 2ab Iwzswlsdr =1

Write S = wisyasd, then



Atkins & Friedman: Molecular Quantum Mechanics 5e

1

bz—aSandazm

Consequently, the orthogonalized 2s-orbital is

Vos — Sl/jls

Y= (1-S2)72”

S = J.l//lsl/IZSdT

Then, since y»5(0) =0,
V(0) = S (0/(1 -5
wis= (2 /nal)? e 45"'%  [Exercise 13.12]
iy (0) = Z Imag

Yhs = (Z;‘SS /967'5613)1/2 re—Zzsr/2a0
0 _Z* 2 _ g%
S=4n(Z3 72 196n%al)"? jo 12 fre A2 (o2 a4

Z*3z*5 12 3' 4
— 4| Zis Zas )
%6may ) | (zt+1zE)

_ (6ZI>I;3Z;<SS )1/2
(Zi+325)°

Consequently,

(0) = (6/mag)ZE0Zy (2 + 1 Z5)°
1-6Z1°23 /(25 + L 25)°
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B (6/ma) 207
(ZE+1 23 -6Z8 75

In the case of '*N, Z* = 6.67, Z¥ =3.85 [Table 7.3], and ¥*(0) = 15.8/n a; . Therefore,

with

H™™ = CLs.  C=Qgegnuinvi/30°)y(0)  [eqn 13.97b]

H2C=10.5(ggnuimp/na; )
Since gn('*N) = 0.40356

RC=1.1x10""); Rr’C/h=1.7GHz

(The experimental value is 1.5 GHz.)
Exercise: Find an expression for the contact interaction involving an electron in an
orthogonalized Slater 3s-orbital (i.e. one orthogonalized to both w5 and the

orthogonalized y»y).
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Chapter 14
Scattering Theory

All the following material © P.W. Atkins and R.S. Friedman.

Exercises
14.1 (a) The process is inelastic because the electronic state of atomic oxygen changes.
(b) The process is elastic because the initial and final states are the same.
(c) The process is inelastic because the vibrational state of HF changes.
(d) The process is reactive because a chemical reaction has occurred; the reactant HF is
not retained in the product.
(e) The process is elastic because the initial and final states are the same.

Exercise: Characterize each of the following as elastic, inelastic or reactive:

OCP,) + Hy(v=0,j=0) > OCP)) + Hy(v =0, j = 0)

OCPy) + Hy(v =0, j = 0) > OCP,) + 2H(*S)

14.2 For scattering by a one-dimensional potential energy barrier of finite width (Section 14.1),
the continuity conditions for the wavefunction and its slope at x = L are given by the last two

equations in eqn 14.1.

A’ eile + Ble-ile — AlreikL + Brre-ikL (1)

ik'A" e®'l — ik'B'eF'L = jkA" e*l — ikB" e kL (ii)

Multiplying (1) by ik and adding (ii) yields:
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2ikA” e*l = ikA'e®'L 4 ik'A’e*'L + ikB'e 'L — jk'B'e k'L
or

ei(k’—k)L i(k'—k)L

[ AW  LN\R!a-2ik"L 31
A" = T (k+EkHA + T (k—k")B'e (iii)

Similarly, multiplying (1) by ik and subtracting (ii) yields:
2ikB" ekl = ikA'elV't — ik’ A'e't + ikB'e k' + ik'Be
or

ei(k’—k)L i(k'-Kk)L
— kDA 2ikL
ok (k —kHA e "™ + ok

B'" = (k +kl)Ble21kLe-Zik'L(iv)

Equations (iii) and (iv) can be written in matrix form as

(A//) _ ei(k'—k)L k + k/ (k _ kl)e-Zik’L (A,)
B” 2k \(k — k")e?*L  (k + k")e?kle2ik'L ) \B'

from which we confirm the form of the matrix Q given in Justification 14.1.

14.3 From eqns 14.2 and 14.3a:

()= (s 52)(5)

If the particle is incident from the right of the one-dimensional barrier, then 4 = 0 (see Fig.
14.1 of the text). As a result:

BZSlzB” T:|S12|2
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A’ =8,B" R=|S»]

14.4 Use eqn 14.15
o=fl6, §)* = sin*Ocos’¢p
Exercise: Proceed to evaluate the integral scattering cross-section Ojor.

14.5 Use eqn 14.7:

din= [} [ Csinaag

- CUO sin 9d9}“§”d¢}
=4nC

Exercise: What scattering amplitude f; corresponds to the above oio? Within the Born

approximation, find the potential that gives rise to this scattering amplitude.

14.6 We show in Justification 14.2 that in the limit » — oo, ¢ and fie""/r are each eigenfunctions
of the hamiltonian with the same eigenvalue k*#%/2u. Therefore, the total wavefunction

has an asymptotic form given by the sum of ¢“ and fie"/ with eigenvalue K*7#%/2u:
H(eikz +ﬁeikr/l") =H eikz + kaeikr/r
= (K1 12p) €+ (R 12p) fie " /r

= (KRR 12p)E"+ fie"/r)

14.7 The free-particle radial wave equation, eqn 14.23, is

2.0

dr? r?
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() u) = j,(kr) ==sin(kr); [ = 0 implies I(/ +1)/r* = 0

d’u)  &*sin(kr)

- = —k? sin(kr
dr? dr? (&)
Therefore
i sin(kr) + {k2 — 0} sin(kr)=0
(i1)
u = j(kr)= sin(kr) cos(kr)
diy(kr) _ cos(kr) _ sin(kr) + k sin(kr)
dr r kr?
21 . i
d*j (zkr) _ “ksin(kr) 2 cosz(kr) L2 51n(3kr) + k* cos(kr)
dr r r kr
Therefore
_ksin(kr) 2 cosz(kr) . 2 s1n(3kr) 2 cos(kr)
r r kr
N {kz —%HS‘HW ) os(kr)} -0
r kr

Exercise: Repeat the confirmation for the first three (/= 0, 1, 2) Riccati-Neumann
functions.
14.8 The general relation between £ and K is given in the equation proceeding eqn 14.51:
WPK* = 2u(E + Vy)

Therefore
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h?K?
= -V
2U 0

RKZ,
2p

Eres = 0

and, using eqn 14.62,

_ (2n+1)’n?n?

res —

8ua? 0

14.9 The relation between the mean lifetime 7 of the resonance state and the full width at half-
maximum /”is given by eqn 14.75. If the full width at half-maximum expressed in cm™

units is denoted A, then /"= hcA; therefore

h -1
7= —— =(2mncA
hcA ( )

(@)
r=(2n x2.9979 x 10" cm s x 0.05 cm ™)™
=1.1x10"s=0.11ns
(b)
r=(2n x2.9979 x 10" ecm s x 3.5 cm™)™!
=1.5x10"%s=15ps
(©)

r=(2n x2.9979 x 10" cm s™' x 45 cm™)™!

=12x10"s=0.12ps
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Exercise: If the mean lifetime of the resonance state is 10 fs, what would be the expected

full width at half-maximum for the Breit—Wigner peak?

14.10 At scattering energy £}, the total number of open channels is 11 + 6 4+ 16 = 33. Therefore,
the scattering matrix is a 33 x 33 square matrix. The dimension is 33.
Exercise: Explore how the dimension of the scattering matrix varies with the scattering
energy. Take J = 0. Assume that only rotational levels in the ground vibrational states of
BC, AB, and AC are open. Treat the rotational constants of the three diatomic molecules
as equivalent.

14.11 We need to evaluate the integral on the right-hand side of eqn 14.102 assuming that the

cumulative reaction probability P(E) is independent of energy:

[ee]

f P(E)e E/KTdE =P f e E/KTQE
0 0

= —PkTe E/FT|

= —PkT(0 - 1)
= PkT
Therefore the rate constant is directly proportional to the temperature.
14.12 The classical model of chemical reactivity yields a cumultive reaction probability of
PEY=0 O0<E<V,
PE)=1 Vy<E<o

Therefore

o)

P(E)e E/FTdE = f e E/KTqQE

Vo

k.(T) « f

0
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= —kTe‘E/"T|oo
Vo
= kTe Vo/kT
This has a form similar to the Arrhenius equation if we allow the pre-exponential factor

A to be directly proportional to temperature and identify the activation energy £, with

EJ/RT = Vo/kT or, since R = kNa, E.= NAV.

14.13 According to eqn 14.103 and the discussion in Section 14.10, a pole in the scattering
matrix (i.e. a resonance) will appear in each scattering matrix element. Therefore
scattering cross-sections connecting all possible incoming and outgoing channels should
have peaks at the same energy E..s with the same width /7 In this case, the resonance
which appears in the neutron—Te scattering process effects both the elastic scattering and
non-elastic scattering processes and therefore the cross-sections show Breit—Wigner peaks
at the same energy and of the same width.

Exercise: It is found experimentally that the scattering cross-sections have peaks at an
energy of 2.3 eV with a width of 0.11 eV. Determine the resonance energy of the

resonance state in the neutron—Te scattering process.

14.14 The scattering matrix S is often symmetric, S;; = ;.. (It is always symmetric when the
scattering process has a property known as time-reversal invariance). The probability in

general for a transition from incident channel i to final channel j is given by
2
Pji = |Sjil

Thus, for a two-channel scattering process with a symmetric scattering matrix,
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Piy=|S1f
=S

=Py

consistent with the principle of microscopic reversibility.
Exercise: Give examples of scattering systems for which the principle of microscopic

reversibility is not satisfied.

Problems
14.1 For Zone II (see Section 14.1), the potential energy is V(x) = —V (rather than +V’) and all

solutions are oscillatory for positive energies:
Zone II: y=A'e™ + B'e™  Kh={2m(E + V)}'*

Hence S can be constructed from eqn 14.3 by replacing £’ in eqn 14.3c with K. The
transmission probability for a particle incident from the left is given by Sy |*.

14.4. From Example 14.3

e 4°vy | Bt
2 221 o2
(a” +4k”sin” ] 0)

~ 4,L12V02
At (1+(4k> / a*)sin® 1 )

o 1
QuV,/ *a®)?  (1+(4k*/a®)sin® L 6)°

(a) For zero energy, k=0
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9 ~1
Qu¥y !l *a’)’

independent of 6.

(b) For moderate energy (k = /2)

Ko =1

o 1
QuVy/ B*a*)?  (1+sin 1 6)?

(c) For high energy (k=100)

Ko =100

o 1
QuV, | B*a®)  (1+400sin® 1 6)°

Plots of the differential cross-section as a function of € are shown in Fig. 14.1 for (a), (b)

and (c). For k >> «, ofalls off very rapidly as @increases from 0 to /2.
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0.8 N

Jdo N

\

olQuV /K a’)

\‘
0.2
(©
0
0 n2 o

Figure 14.1 The differential cross-section for the Yukawa potential within the Born

approximation for (a) zero energy (k = 0), (b) moderate energy (k = /2), and (c) high

energy (k= 100).

Exercise: Compare the plots to those for k= ¢ and k =20c.
14.7 To derive eqns 14.41 and 14.42, we begin with the equation following eqn 14.40

sin(kr — 1 Im) . el

Ji

Qsin(kr—%ht+§l)=il(21+l)
r

r

Since
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i(kr—11 —i(kr—11 . i(kr—1t i(kr—L i
C] e1( r 2n+51)_e i(kr—5Im+6;) ~ 11(214-1)[61( r 2n)_el( 7 zn)]+ﬁelkr

r 2i 2ikr r

Collect terms with a common factor of e "

e [ QI+ i
R e L T iy
r 2i 2ikr

Cancel common terms:

. .l
Coio QLD
k
or
.l )
C = @elé’ [eqn 14.41]

Now collect terms with a common factor of ¢ ¥

o |G et | e ™™
el T _l— — el 7 .—+_l
r 21 2ikr r

Cancel common terms:

In

Ll - . _1
e 2 el Ci@I+e

C
i ik

+ /i

Use eqn 14.41:
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i1+ 1) e 2l {21 +1)e 2

+
k 2i 2ik /i
Because €™ =1, e™* =1,
Therefore
Ql+De* % (21+1)
: =——+/
2ik 2ik
I+ |
=—7=("" -1
/i 2ik ( )

_ Q@+ g (€ =)
k 2i

- —(211: D e sin g, [eqn 14.42]

Exercise: Derive eqn 14.49.

14.10

If M(r) > 0 for all , then &(E) < 0.

If V(r) < 0 for all r, then o(E) > 0.

Note that if V(r) = 0, o(E) = 0 by definition.
If the potential is purely repulsive for all 7, then, since the energy E of the particle is
conserved in elastic scattering, the particle’s kinetic energy is decreased as a result of

scattering. The wavelength of the particle is therefore increased (recall A = h/p),
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corresponding to a negative phase shift 0. (Recall that sin(kr + 0) has a longer wavelength
than sin kr if 6<0.)

Conversely, if the potential is purely attractive for all r, the particle is accelerated as it
scatters. The increase in kinetic energy corresponds to a shortened wavelength and a
positive phase shift &;.

Exercise: Sketch the form of the scattering wavefunctions for ¥(r) > 0, V(r) =0, and V(r)

< 0; qualitatively verify the above conclusions.

14.13
o ifr=0
Mry=<V, if0<r<a
0 ifr>a

Consider energies £ > V) and find o&.
At r =0, V(r) = o which implies uy(0) = 0 for the radial wavefunction.
ForO<r<a, (r)=Vy, (Vo>0)

P

2m dr?

+ Vouo = Euy  (centrifugal potential = 0)

d*u, 2m
2> T
dr h

(E - Vo)u() =0
uo(r) = A sin kyr + B cos kir

2
K = ﬁ—’?(E— Vo)

Forr>a, V(r)=0
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_n du,

2m dr?

= Eu()

uo(r) = Csin kr + D cos kr

2= 2:2E
Asr— oo
uo(ry= Csin kr + D cos kr
= E sin(kr + &)
where
tan & = D/C

To find &, we need to obtain an expression for D/C. We require that uo(7) and (duy/dr) are
continuous at 7 = a.

First, require u(r) be continuous at » = 0. (We do not impose continuity of (due/dr) at r =

0 because /(0) = .)
r=0: u(r=0)=0=A4sink0+Bcosk0=B
Therefore for 0 < 7 < a, ug(r) = A sin ki
r=a: uy(r=a)=Asinkia=Csinka+ D cos ka

Cilﬂ (r=a)=kiA cos kia = kC cos ka — kD sin ka
r

Divide the above two equations:
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1 Csinka+ D cos ka
—tan kja = .
k, kC cos ka — kD sin ka
sinka+(D/C)coska

" kcoska—k(D/C)sinka

sin ka + tan o, cos ka

" keoska—ktan 0, sinka

k k ) )
— tan kja cos ka — — tan kja tan & sin ka = sin ka + tan & cos ka
1 1

kﬁ tan kja cos ka — sin ka = tan & {cos ka +k£tan kyasin ka}
1 1

_ (k/k;)tan kja cos ka —sin ka
(k/ky)tan kyasin ka + cos ka

an &

with

1/2

( A
“\z-1,)

=

Exercise: First, plot & as a function of E (E > V) for fixed V and a. Second, for E > V),
find an expression for the P-wave phase shift ) for scattering off the same central

potential and plot 6; as a function of energy.

14.16 The spherical square well potential is given in Section 14.5: V'=—V, forr<aand V'=0
for » > a. We solve this problem by requiring that the radial solution u,(r) and its first

derivative be continuous at » = a.
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In the region » < a, we have to solve the equation

2
du,J{Kz_l(lH)}ul:O

dr? 2

where
K* = 2(E + V)

The general solution is a linear combination of the Riccati—Bessel and Riccati-Neumann

functions:
u(r) = Aij(Kr) +A;7,(Kr)

To ensure that R(r) = u//r is finite at the origin, we require #,0) = 0. Since the Riccati—

Neumann function A/(z) behaves like z as z — 0, we must have A = 0. Therefore, inside

the well the solution is of the form
u(r) = Aij(Kr)

For r > a, the potential vanishes and u; is the solution of the free-particle equation (which
includes the /(I + 1)/#* centrifugal potential term). We can immediately write down the

solution as
u[(r) = C[j 1(k7‘) + D[ﬁ[(kl”)
where, as usual, £ = k&*h%/2. The scattering phase shift & is introduced via

Ci=Bjcos & D;=B;sin ¢
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SO We can write
ulr) = By cos & fikr) + By sin & Aukr)

We require that () and its first derivative be continuous at » = a. The continuity of the

wavefunction requires that
Ajj(Ka) = B; cos o ji(ka) + B; sin o 7(ka)
and the continuity of the first derivative requires that
KA,j, (Ka) = kB cos 6 jj(ka) + kB; sind; fi;(ka)

where the prime denotes the derivative with respect to ». Division of the above two

equations results in the following complicated expression for the phase shift:

Ji(Ka)  ji(ka) + tan §; i (ka)
7(Ka) " j,(ka) + tan &, Ai;(ka)

or

s KGi(Ka)j(ka) - ki (Ka)ji(ka)
YT kju(Ka)aj(ka) — Kjj (Ka)fy (ka)
From the above equation, for a given energy (and corresponding K and k), we can
determine the phase shift o;.
Exercise: Write down the expression for ¢ for P-wave scattering by a spherical square-

well potential.
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14.19 Begin with the asymptotic expression (eqn 14.92) for the multichannel stationary

scattering state

LN

~ kg2 (&
l‘”aO_e Zao +Zfaa0 Za
a T

The incident flux J; is determined by the plane wave ¢“** which is the term containing all
the (relative) initial kinetic energy. By analogy with the results in Justification 14.3, the

magnitude of the incident flux is &k h/p.

Likewise, by analogy with the result for J, in Justification 14.3,

Jr=—

kalf P
ur’

for the radial component of the flux density corresponding to (fie"*"/r), we have here

L kel
r 2
ur

where we have equated r with r, the relative position.
Only J, needs to be retained as » — o and we have focused on a single term « in the
summation for .

Following the argument in Section 14.3, we then have

dN, = JdQ
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k h 2
_ ke o, 40

U

o, JdQ

aoy* i

and therefore

k 2
O-aao = k_a |faa0|
)}

Exercise: Show in detail why y, and y,, do not need to be considered in the above

argument and also why we can treat each term « in the summation of eqn 14.92

individually.

14.22 (i) Model the cumulative reaction probability as P(E) = a arctan(SE).

(a) In the limit £ — 0, P = a arctan(0) = 0, consistent with the model.
(b) At E= V), P = o arctan(f Vy) =Y.
(c) In the limit £ — oo, P = o arctan(o) = am/2 = 1.
From condition (c), a = 2/n. Therefore, from condition (b),
(2/m) arctan(f Vo) ="
arctan(f Vy) = n/4
L Vo=1 [since tan /4 = 1]

p=1/V,



Atkins & Friedman: Molecular Quantum Mechanics 5e

(ii) Model the cumulative reaction probability as P(E) = 1 — ¢ *~.
(a) In the limit £— 0, P =1-1=0, consistent with the model.
(D)AtE=Vy,P=1— e =1
(c) In the limit £ — oo, P = 1 — 0 = 1, consistent with the model.
From condition (b), e~*"0 = % or a = (In 2)/V.

For part (i1), the temperature dependence of the rate constant predicted by eqn 14.102 is

(°9) (o8]

k.(T) f P(E)e E/KTdE =] - e—aE)e—E/deE
0

0

oo

:f e_E/deE_f e~ E(a+1/kT) 4
0 0

[oe) 1 [ee]
— _kTe E/kT —E(a+1/KT)
i e 1/kT € o
=T —————
a+ 1/kT
1
= kT

"~ (In2/V,) + (1/kT)

= kT {1 " kT(n 2;1/0) n 1}

—kT{l Yo }
B kTIn2 +V,
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